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1 Introduction

We consider the incompressible Navier—Stokes equations

NS
divu=0 e

{0,u+u-Vu+Vp=Au
in the whole space R?, d = 2,3. Recently, there has been significant progress in our understanding
of uniqueness for solutions to the Cauchy problem for (NS) in 3D: We now know that Leray’s weak
solutions [60] are not unique. This was anticipated by Ladyzhenskaya in [54]. Two concrete non-
uniqueness scenarios were proposed by Jia and Sverak in [42]. Numerical evidence was subsequently
presented by the second author and Sverék in [36]. A rigorous proof was obtained with non-zero external
force by the first author, Brug, and Colombo in [4]. Finally, a computer-assisted proof was announced by
T. Hou, Y. Wang, and C. Yang in [39].

Key to this progress has been the investigation of self-similar solutions. The Navier—Stokes equations
are invariant under the scaling transformation

1 x t 1 x t
uf(x’ t) - zu <E9 Z) s pf(x?t) - ZP <?a Z) 5 l/ﬂ > 09 (11)

corresponding to the dimension counting [19, (1.9)]
XI=L, =L [=L", [pl=L", (12)

obtained by identifying length? and time using the viscosity v, which has dimensions [v] = L?/T. A
solution (u, p) to (NS) in R X R?, d = 2,3, is a (forward) self-similar solution if it is invariant under the
scaling symmetry (1.1). Such solutions are necessarily of the form

1 X 1 X
TV <\f> T <w>

In particular, (u, p) is entirely determined by its profile (U, P) at time t = 1. Plugging (1.3) into the
Navier—Stokes equations, we obtain the Leray equations

1
—AU - (U +y-V,U)+U-VU +VP =0
Uy V) (1.4)

divU =0

where y = x/ \/; Self-similar solutions evolve from —I1-homogeneous initial data u; the initial condition
u — ug as t — 0% is encoded in the boundary condition

U(y):uo(y)+o<ﬁ> as |y| - +o0. (1.5)

Non-trivial —1-homogeneous velocity fields do not belong to the critical space L?, where local-in-time
well-posedness holds [46]; rather, they belong to the weak Lebesgue space L4, where only small-data
global well-posedness results are known.! Therefore, we regard —1-homogeneous velocity fields as

Informally, critical spaces are those for which the norm is invariant under the scaling in (1.1). The space L%* has the additional
feature that C® functions are not dense, which translates to small-data global well-posedness, not local well-posedness for
arbitrary data, under the arguments in, e.g., [46, 48] or [67, Chapter 5]. Such spaces were loosely termed ultra-critical
in [10].
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on the borderline of the well-posedness theory. We examine this borderline through the lens of self-
similar solutions. At a glance, this approach seems more tractable, since (1.4) is elliptic and bears
some resemblance to the steady Navier—Stokes equations, for which non-uniqueness of solutions to the
boundary-value problem is common, even expected, see, e.g., [44, 29, 49].

Perhaps the simplest non-uniqueness scenario is that multiple self-similar solutions evolve from the
same self-similar initial data u. In [42], Jia and Sverak speculated that this might arise due to a bifurcation
in the set of solutions to (1.4)-(1.5) as the size of i is increased. Subsequently, such a bifurcation was
reported numerically by the second author and Sverék in [36].

The uniqueness question has been largely ignored in dimension d = 2, since Leray-Hopf solutions are
unique in 2D. However, in the infinite-energy class, there is nothing to prevent the above scenario from
occurring, as we illustrate below.

1.1 Main results

In this paper, we consider self-similar solutions to (NS) in dimension d = 2. We begin by investigating
the following question:

(Q1) Given a —1-homogeneous initial velocity field, does there exist a self-similar solution
to the Navier—Stokes equations?

Our main theorem answers this question in the affirmative:

Theorem 1.1. Let a € (0, 1) and uy € C*(R? \ {0}) be a —1-homogeneous divergence-free vector field.
Then there exists a self-similar solution u to the 2D Navier-Stokes equations with initial data u,. Moreover,
its profile U is smooth and satisfies

U () — (e“up)()| < Cla, M)(y)~177, (1.6)
where M = ||u0||ca(Sl).

The analogous theorem in 3D was obtained by Jia and Sverék in [41]. However, the 2D problem carries
1

significant new difficulties, foremost among which is that the initial data u, ~ I has infinite energy, even
locally; hence, the problem lacks any clear a priori estimate, unlike the 3D case. Indeed, we derive a priori
estimates that hold specifically for self-similar solutions and not for general solutions to the evolutionary
problem.

Once the existence of self-similar solutions is established, the natural question is the following:
(Q2) Are the self-similar solutions to the Navier—Stokes equations unique?
Our numerical results indicate that the answer is negative:

Observations 1.2. For the —1-homogeneous initial velocity field,

oy1y
up(y) = ——=, (1.7)
|yl

we numerically observe the existence of three different self-similar solutions to the 2D Navier—Stokes
equations with initial data ug for 39.2 < o < 80.

The analogous result was obtained in 3D by the second author and Sverék in [36]. The numerical strategy
in 2D is very similar to the 3D one. While continuing the solution in ¢, we compute the eigenvalues of
the linearization around the solution, and by standard bifurcation argument, if an eigenvalue becomes
zero, then a new solution emerges. In both 2D and 3D, the scenario is a pitchfork bifurcation through
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Figure 1.1: Symmetric and non-symmetric solutions with ¢ = 80.

the breaking of a discrete symmetry, as shown on Figure 1.1. We refer the reader to Section 6 for further
discussion.

Finally, while computations have played an important role in the non-uniqueness theory, both at the
level of numerical evidence and computer-assisted proof [39], it remains interesting to develop such a
theory by hand. The investigation of large self-similar solutions in Theorem 1.1 may be viewed as a step
in this direction.

1.2 Strategy

To construct arbitrarily large solutions U, the two main ingredients will be a priori estimates and com-
pactness, the key assumptions to apply a version of the Leray-Schauder fixed point theory.

We begin by highlighting notable differences between the 2D and 3D theory, starting with the available
a priori estimates:

(1) The kinetic energy % f |u|? dx is scaling-critical in 2D but supercritical in 3D.
(ii) In 2D, the vorticity @ := V* - u satisfies the advection-diffusion equation
ow+u-Vo=Aw. (1.8)

Hence, every L? norm ||@||;,, 1 £ p < 400, is monotonically decreasing under the evolution in the
absence of boundary.”

The 2D Navier—Stokes equations are commonly viewed as better behaved, since the a priori estimates for
the time-evolution problem are better from a regularity perspective. These expectations are subverted for
—1-homogeneous initial data:’

First, non-zero —1-homogeneous initial data u, always has infinite energy. A key point in 3D construc-
tions, beginning with [41], is that u has locally finite energy, which furnishes a priori estimates for the
evolution problem [58]. However, in 2D, u, has locally infinite energy.

Second, for non-zero —1-homogeneous initial data, the vorticity @), as a distribution, is —2-homogeneous
and therefore never represented by a locally integrable function. A notable borderline case is when the

>More generally, / f (@) dx will be decreasing for convex functions f.
3The similar “subversion” holds, e.g., for the stationary flow-around-obstacle problem, which was basically solved by J. Leray
himself for 3D case, but is still open for 2D, see, e.g., [50].
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initial vorticity @y = ad,_q is a multiple of a Dirac mass; the corresponding solution is the Lamb-Oseen

vortex
a _k?

w(x,t) = Re 4 (1.9)

namely, a times the 2D heat kernel.* The space M(R?) of finite Radon measures is a critical space in 2D.
Remarkably, (1.9) is unique in the class C((0,T]; L") n C,([0,T]; M), even among non-radial solutions,
and globally attracts solutions with circulation « [32] (see also [30, 31]). Until now, this was the only
known large self-similar solution in 2D. Other vorticities may arise as principal value integrals

1 X
wy=pv—=> <—> s (1.10)
O 2 0 x|

where b, : S! — R is a mean-zero function on the sphere, or as linear combinations with the Dirac delta.
The conclusion is that the standard vorticity estimates are not generally applicable to self-similar solutions.

Our proof of Theorem 1.1 is based on a priori estimates specific to self-similar solutions, especially
WUl = < Cla, M). (1.11)

We begin with the basic energy estimate for (1.4):

R—+0

l..
/Rz IVU|>dy < thsupR/S U ds S Nlugls, Il 2s,) (1.12)
R
(see Lemma 4.3). Then, based on the equation for the vorticity profile Q = V1 - U, we establish

IVQ|?dx = [ |AU|*dx < M? (1.13)
R2 R2

(see Lemma 4.6). Proceeding further, we face the fundamental difficulty that in 2D the Dirichlet integral
does not control the magnitude of the velocity itself (for example, [|U]| 2 B,))» unlike in 3D where
H'(R?) < L%R3). Moreover, functions in H'(R?) can grow logarithmically as |y| — +oo (consider,
for example, (In(2 + | y|))%), which is far from the expected O(llﬁ) decay in (1.11). This low-frequency
problem is typical for the steady Navier—Stokes equations in 2D [29] and has finally been overcome
rather recently in various settings, see [35, 51] and references therein. However, the delicate arguments of
[35, 51] are not applicable to the steady-type system (1.4) because of the large additional term y - V, U,

i.e., some new ideas are required, tailored to the specific structure of (1.4).
Fortunately, in 2D we have a kind of “magic wand" to control the pressure pointwisely, namely, the

Poisson equation

—AP=VU : (VO)T, (1.14)

the same as for the steady Navier—Stokes system. By compensated compactness (div-curl lemma), the
right-hand side is estimated in the Hardy space H', and, consequently, ||V P|| ;> + || P|| ;- is bounded by
M? as well (see Lemma 4.4).

But before starting the machinery, we also need an estimate on U in a neighbourhood of the origin.
For the above reasons, this problem is not trivial and cannot be resolved by standard integral imbedding

2
inequalities; a new tool is required. In the steady Navier—Stokes theory, the Bernoulli pressure ¢p = % +p

satisfies (—A + u - V)¢ = —|w|?; in particular, it is a subsolution. The analogous quantity for the Leray
equations (1.4) is
1 2 y
O :=-|UI"-2-U+P, 1.15
S -2 (115)

“#Recall that the non-linearity vanishes on radial solutions to (1.8).
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which satisfies

A+ 1iu-2.v)o=—jQP (1.16)
27 2
By the maximum principle, we have
®(y) < limsupsup @ < C(||ugls, [l =), Vy € R 1.17)
R—+00 Sp

Note that ® controls |U |2 up to the (bounded) pressure and the unsigned term 2 - U. From this, one can
argue that there exists a good circle Sg. on which |U]| satisfies |U| < C(||lug| g1l ) (see Lemma 4.5).
Notably, this is the first time the “self-similar Bernoulli pressure” ® has been used in the literature on
forward self-similar solutions. A related quantity was exploited by [63, 65] to exclude non-trivial backward
self-similar solutions. We also mention [6] which uses @ to exclude self-similar steady Navier—Stokes
solutions in high dimensions.

Now, the large additional term y - V,,U becomes very helpful: it allows us to make the key observation
that 0,(rU) is almost in L?(R?), up to a logarithmic term from (U - V)U. Through some technical steps
this leads to the weighted integral estimate

HyI72AU T+ 1PDI 21 2y £ C(M) (1.18)

with 0 < y; < 7, < 1, while remaining in the “steady setting" of system (1.4) (see Proposition 4.1). The
underlying reason for the decay of U is that the scaling operator %(1 + y- V) effectively dominates at
spatial infinity, even under the modest starting estimate (1.12).

In the final stage, we pass back to the time-dependent equations to further bootstrap the solution via
parabolic regularity theory. This is done in an annular region A X [0, #y] away from x = 0, since the
behavior of U as |y| — +oo corresponds to the behavior of u(x,?) as t — 0% at fixed radius |x|. At
this stage, not only is it necessary to prove the pointwise estimate (1.11), but also one must obtain some
compactness by estimating the rate of convergence to the far-field initial data, |U — uy| < (y)~'7%, which
corresponds to Holder continuity for the time-dependent solution u in the annular region A X [0, 7,]. For
this, we apply the very efficient and elegant ‘local-in-space smoothing’ approach developed in [41]; see
Section 5.

1.3 Comparison with existing literature
1.3.1 3D self-similar solutions

To begin, we review the strategies for constructing self-similar solutions in 3D.

Small self-similar solutions can be constructed via the perturbation theory [21, 22, 33, 9, 48] in essentially
the same way in dimensions d > 2. The spatial asymptotics of such solutions were investigated in [17].

Large solutions were constructed by Jia and Sverék in [41] from —I-homogeneous C*(R3 \ {0}) initial
velocity fields 1. They obtain a priori estimates in the following way: First, u is controlled in Lﬁloc via
uniformly local energy estimates [57, 58, 47, 53]. Second, the solution is estimated in a Holder class
in an annular region A X [0, 7], with bounds depending only on norms of u,, via a new local-in-space
smoothing estimate. This second step controls the tails of the self-similar profile U, as mentioned above
(see also Section 5). The smoothing estimate is of independent interest and has been refined in [7, 45, 2].

After [41], many works gave alternative constructions accommodating a variety of extensions: discretely
self-similar (DSS) solutions,” the half-space, low regularity, and combinations thereof. Notable works in
this direction include [66] (DSS with #y—1 <« 1), [52] (RfL via original Leray contradiction argument), [59]

(L®(R3\ B))), [12] (L*>*), [13] (rotational self-similarity), [14, 1] (B;},:””, 3 < p < +o0), and [23, 16]

This means that there exists £, > 1 such that ug, = u, where u, is defined via the scaling symmetry (1.1).
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(leoc). See also the general references [43, 15].° The main a priori estimates on which the above works
are predicated hold for solutions to the time-dependent problem with u in critical function spaces but
not necessarily self-similar. For example, [12] is based on a Calderdn-type splitting [20] which results in
solutions satisfying

u=euy+v, (1.19)

where v has finite energy
lloC-, D12, / Vo3, ds < Cllupll 3)t'/?, VE>0. (1.20)

Such solutions were investigated in [8] for general L>* velocity fields.

The direct analogues of the above estimates all fail in 2D. It is therefore interesting to speculate whether
existence itself may fail for non-self-similar uy belonging to critical spaces like L>*. Unlike what happens
in R3, it is plausible that there is no solution for some non-self-similar initial data in this space, which
could even be rotationally self-similar [13]. The self-similar Bernoulli pressure ®, which plays a crucial
role in our proof, is quite specialized.

1.3.2 More non-uniqueness

In [4], Brue, Colombo, and the first author obtained non-uniqueness for Leray-Hopf solutions for the 3D
Navier—Stokes equations with external force in L tl Li_ with compact support in space. This was done by
constructing an unstable self-similar solution in the form of an expanding vortex ring, supported by the
force, within the axisymmetric-without-swirl class. In [4], non-uniqueness arises not from a bifurcation
but rather from instability in self-similar variables, akin to [42, Proof of Theorem 4.1]. According to the
first author, a variation of the construction in [4] should work in 2D with forcing in L! L2~

Recently, a computer-assisted proof was announced by T. Hou, Y. Wang, and C. Yang in [39], who
numerically establish the existence and instability of a self-similar solution without a force.

We also mention certain contributions of convex integration to the Navier—Stokes uniqueness question,
with no attempt to be exhaustive. In [18], Buckmaster and Vicol prove non-uniqueness in the finite kinetic
energy class. In [25], Cheskidov and Luo prove 2D non-uniqueness in L° LY for every p < 2;in [24],
they demonstrate non-uniqueness in L?Lf( for every p < +o0 and dimension d > 2.

Finally, Coiculescu and Palasek recently prove non-uniqueness arising from large BMO™! initial data
in 3D [26]. They speculate about the 2D case in [26, Remark 1.7].

1.4 Notations

We denote Bg(yo) = {y € R? : |y —y,| < R} and Sg(yy) = {y € R? : |y —y,| = R}. For simplicity,
we write By, S for Bz(0), Sz(0).

Throughout the proof, C(M) will be a general constant depending only on M, whose exact value can
change from line to line. We write A < B for A < C B with some absolute constant C, and write A 5, B
for A < C(e)B. As usual, we set (x) = /1 + |x]|2.

We often express the —1-homogeneous initial data in terms of its value on the unit circle ay = ug| 5,

namely,
1 X
=— — . 1.21
o) |x|“°<|x|> (2D

®For large self-similar solutions in other viscous fluid equations, see, for example, [3] (critical SQG), [56] (MHD), and [55]
(NS).
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2 Functional set-up

We will work with the Banach space

X, :={VelL®R»): (v elL>®, divi =0}, 2.1
equipped with the norm
IVilx, := 1)V Il o). 2.2)
Defining the linear operator
LU =AU + %(U +y-V,U), (2.3)

the momentum equation of (1.4) can be written as
—LU +PWU -VU) =0, 2.4)

with P = Id — VA~! div being the usual Leray projector. We set a = ey, and encode the leading order
asymptotic of U (or equivalently, the initial datum of u) into the decomposition

U=a+V. (2.5)
For later usage, we collect some basic properties of a here:

Lemma 2.1. There holds a € C°°(R2), diva =0and La = 0. Moreover, for any a € (0, 1), we have

||(Y>1+a(a - ”0)(}’)”L°°([R2\Bl) + ||<J’>‘1(J’)||L°°(R2) M, (2.6)

and
1) Va)l po@e) S M. 2.7)

Proof. By definition, a is clearly smooth and divergence free. The fact La = 0 follows from the operator
identity Le® = eA(L — A) and the scale-invariance of u,. Moreover, it is easy to check that for any x € R?

and t > 0,
1 X
(eu)(x) = —a| = |. (2.8)
' Vi (W)

Noting that u, € C*(R?\ {0} n Llloc([Rz), we have

tA
lle®uglice, (8,\8, px10.1) S M (2.9)

where Cgar denotes the Holder norm with respect to the parabolic distance

dpar((xla t])’ (X2, t2)) = \/lxl - x2|2 + Itl - t2|
In particular, for |x| = 1 and # € (0, 1] there holds
(e up)(x) — uo(x)| < Mi2, (2.10)

which implies the first estimate in (2.6) via the identity (2.8). The second estimate in (2.6) follows from
the first one and the obvious pointwise bound of a in B;.
In addition to (2.9), we also have the smoothing estimate

1, a
IVe uglipoipp\p, ) S M1272, Vi€ (O 1], (2.11)

which, together with the obvious pointwise bound of Va in B, implies (2.7).
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Due to (2.3) and Lemma 2.1, V satisfies the perturbed Leray equations

1
—AV -V +y - V) +Pla+V)-V@a+V)]=0,
SV +y- V) +Pla+V)-Via+ V)] (2.12)
divlV =0.
Introducing the nonlinear operator
KV :=L7'Pl(a+V) -V@a+V)], (2.13)
the system (2.12) can be rewritten as
V—-AKV =0 (2.14)

with 4 = 1. We will apply the Leray-Schauder fixed point theorem to solve (2.14) in the Banach space X,
for which the following two results provide the key ingredients.

Proposition 2.2. For any a € (0, 1), the nonlinear operator K . X, = X, is well-defined, continuous
and compact.

Proposition 2.3. For any solution V' € X, to the fixed point equation (2.14) with A € [0, 1], we have the
uniform a priori estimate
IVllx, <Cla, M). (2.15)

Proposition 2.2 will be proved in Section 3, and Proposition 2.3 will be proved in Sections 4-5. Together,

they immediately imply Theorem 1.1 via the classical Leray-Schauder theory (see, e.g., [49, Theorem
1.2.17)).

3 Properties of K

Proof of Proposition 2.2. First of all, we rigorously define the operator £~ by writing down its integral
representation. The linear equation

—LW = -AW — %(W +y-V,W)=F 3.1
with W € X, can be rewritten as the inhomogeneous heat equation
oow—Aw=f (3.2)

in R2*! with

1 X
w(x,t) .= —W | — 3.3)
Vi <\ﬁ )

1 X
flx,t) :=—F( = ). 3.4
v (%)

By the definition of X, for |x| > \/; we have

and

—1-a
1 b <
|w<x,r>|s—<—' '> Wik, <5 IxI7 =Wy, (3.5)

Vi\vi
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and in particular, lim,_,, w(x, ) = 0 for any x € R?\ {0}. Solving (3.2) with zero initial datum, we get

1 1
W(x)=w(x,1) —A /[R2 n(l _t)e = f(x',t)dx'dt, 3.6)

which then leads to the integral representation formula

[(—£)"'Fl(x) = / / — 'Zu"r'm(x’)dx’dz. (3.7)
R 4r(1 - 1)r3 Vi

Based on (3.7), we now prove the boundedness of £ : X, — X,. Writing U = a + V, by (2.6) we
know that

U)| S () M+ IV Iy, (3.8)
By definition of the Leray projector, there holds

PWU -VU)=U-VU+ VP 3.9

with
P =-A""divdiv(U ® U). (3.10)

(U~VU)<X—;>=\/;U<j—/’;>~Vx,U(j—/;>, 3.11)

(VP) X =tV P x —\/;(VA‘ldivdiv)x,(U@)U)<x—’>, (3.12)
()=o) i
2,

and integration by parts, we obtain, for i = 1,

Using the identities

vy, = L7HPWU - VU)),

2 1 ’
3/ H,.,,((x_xf,,>(UjUk><x7>dxfdt, 1)
jk=1 0 R2 t

where we denote

1 _ 12
Hij(x,1) 1= (8;9; — 9}, A )<me ““‘”)- (3.14)

Since the kernel of afj kA‘l decays like (x)~3, there holds

' ljk | S <X>_ (315)
Noticing that
1 X 1
H , (x,t)=———H,; <——> (3.16)
ijk ijk
4v2(1 = )3t 20-1) 2
we get the precise upper bound
-3
1 X 2
|H;j(x,0)] S \ < > , YxeR51re(0,1). 3.17)
(1- t)%t V1-t
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By (3.8), (3.17) and Lemma 3.1 proved below, we have

! 1 <x—x’>_3<x’>_2
wnwis [ — 2N axdr- M+ IVl P
0 JR (1 —f)2r \V1-t Vi X

S)PM VX)) (3.18)

In particular, there holds
1KV, S M+1VIIx,), (3.19)

which shows that £ : X, — X, is well-defined and bounded.
Next, we prove that £ : X, — X, is continuous. By (3.13), we can write

2 1 ,
LV = KV,); = Z / / Hiji(x - x', 1) [(a + V),V - Vz)k] X )ax'dt
jk=170 JR? Vi
2 1 y
+ Z / / H(x—=x'.0) [y = Vy)a+ Vo), | | = |dxdr. (3.20)
jk=1/0 JRr? Vi
Similar to (3.19), there holds
IKV) = KW llx, S M+ IVillx, + IIV2llx IV = Vallx, » (321

which implies the claimed continuity.
Finally, we prove the compactness of £ : X, — X,. By (3.8), there holds

Ul sy Ss M+ VIx,, Vs €2, 4], (3.22)
hence by (3.10) and the estimates for Riesz transforms, we obtain
1Pl ey S5 (M +IVIIx,)? Vs € (1, +00). (3.23)
By (3.18) and the local regularity theory for £ as an elliptic operator, we have the local estimates
IV llwrsgy S Cls, RM IV ), VR>0, s €(l,+00). (3.24)

For s > 2, we recall the compact embedding W -*(Bg) & L*®(By) for any finite R. Now, suppose that
Vk k=1,2,3,... arca sequence of functions with the norms ||Vk [ X, uniformly bounded. By (3.19),
(3.24) and the standard diagonal argument, there exist a sequence of integers k; — +oo such that X 14
converges locally uniformly to some function W € X,. In particular, for any n > 1, we can find j(n) > 1
such that

IV o — W) - 1g Iy, < % (3.25)
On the other hand, by (3.18), we know that
2
V50 = W®) Agayp lIx, S0 (M +sup ||Vk||Xa> . (3.26)

Combining (3.25) and (3.26), we deduce vk o wein x - This proves the claimed compactness.
O
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Lemma 3.1. Forany x € R2, there holds

1 , -3 , -2
/ / 1 3 <x_x > <x—> dx'dt S (x)72. (3.27)
0 JR2 (1 —p)3r \V1-t Vi

Proof. Denote I for the integrand in (3.27) and consider the following cases.

Casel.0<t < % and |x| > 10. In this case, we have

-2
ISt Y x—x)3 <x—' , (3.28)
Vi

and thus,
/ Idx' < |x|™2 / (x —x"Y3dx" < x| 72, (3.29)
Bix2(0) By 2(x)
)
I« ~11,1-3 x! ' -3 |x]
Idx" <t x| — dx" S |x|77In| — |, (3.30)
By (O\ B2 () Byl \/; \/;
/ Idx' 5/ x| < x| 3. (3.31)
R2\By R2\ By

Adding the above three estimates, we get

/ Idx" < |x|72 + x| 73| In1|. (3.32)
RZ

Case2.0<t < % and |x| < 10. In this case, we have (3.28) and thus,

-2
!/
/Idx'sz—l/ <x—> dx' < |Intl, (3.33)
By By \/;

/ Idx' < / Ix'|2dx" < 1. (3.34)
R2\ By, R2\ By

Adding the above two estimates, we get
/ Idx" < |Int|. (3.35)
R2

Case 3. % <t < 1and |x| > 10. In this case, we have

-3
I1<-n": < X=X\ 2, (3.36)
=)

1—t¢

and thus,

/ Idx’5|x|_3/ (xY2dx" < x| In|x], (3.37)
B2 B2

-3
3 !
/ Idx’s(l—z)‘5|x|—2/ <x X > dx' < (=073 |x|2 (3.38)
By \Bix| 2 By \ V1 —t

/ Idx' < / x| < x| 3. (3.39)
R2\B,y R2\Bjy
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Adding the above three estimates, we get
1
/ Idx' < (1-0)"2|x|2 (3.40)
R2

Case 4. % <t < 1and |x| <£10. In this case, we have (3.36) and

3
3 _ !

/ Idx’s(l—t)_%/ <x X > dx' < (112

By, By \V1—t

/ Idx' < / Ix'|2dx" < 1. (3.42)
R2\ By R2\ By

Adding the above two estimates, we get

(3.41)

/ Idx' S (1-1)3. (3.43)
R2
Finally, combining all the above cases, we conclude that
1 1
/ / 1dx'dt < / ((1 )73 (x) 2+ |In t|<x)-3> dt < (x)2. (3.44)
0 Jr2 0
O

4 A priori estimates for the Leray equation

As in Proposition 2.3, we consider a solution V' € X, to the fixed-point equation (2.14) with 4 € [0, 1].
Writing U = a + V/, there holds

—AU—l(U+y~VU)+/1U~VU+VP=O
2 (4.1)
divU =0,
The pressure P here is determined as
P = A=A)"divdiv(U @ U)
-4 / log [y — /| divdiv(U ® U)(/)dy'. 4.2)
2775 R2

For simplicity, we are suppressing the dependence of (U, P)on A € [0,1]. By V' € X, and (2.6), as

y — oo we have
Uy) = —a <l> +0< I > (4.3)
vl \ Iyl NEVA ‘

Here the constant in O(-) depends on M and || V|| y . According to the standard elliptic regularity theory,
U is locally smooth, hence all the calculations in this section hold in the classical sense.

Our goal in this section is to derive weighted a priori estimates on U and P capturing their quantitative
decay in space. Although the finiteness of the weighted norms in Proposition 4.1 is easily guaranteed by
(4.3), the nontrivial point here is that they can be bounded in terms of the given datum a. This is crucial
for the application of the Leray-Schauder theorem.

For definiteness, we fix two constants

"W=7—F7, V2= TH “4.4)
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Proposition 4.1. There holds
Y12 |+ [PDIl 121 g2y < CM). 4.5)

To prove this result, we have to exploit the inherent structure of the Leray equation (4.1) with coefficient
A and acquire a number of preliminary estimates first.

Lemma 4.2. There holds
VUl po@2y S Cla, M, IV I x ) (4.6)

Proof. We use a standard bootstrapping argument based on Stokes estimates (see, for instance, [29,
Theorem IV.4.4 and Remark 1V.4.2]). First, we can rewrite (2.12) as

. (1 1
—AV+VP=div(53@V - U BU) -V,
Y ® ® 2 @.7)
divV =0.
By (4.3) and definition of X, it is clear that
1 _
§y®V—/IU®U‘(y) < CM IV Iy ()™ 48)
Then, local Stokes estimate gives, for any y € R2 and s € (1, 4+),
”V”les(Bl(y)) Sy CM, ”V”Xa)(J’)_a- 4.9)
Using (4.9), we further deduce that
aiv(sy®V - iU eU) -1y <, COML IV Il (). .10)
2 Li(B, () ’
Applying local Stokes estimate to (4.7) again, we get
IV w2, 00 Ss CML IV Il )2 (4.11)
Taking s large (depending on «), then interpolation between (4.9) and (4.11) gives
IVV Il o2y S Cla, MLV I x,)- (4.12)
Together with (2.7), we get the claimed estimate (4.6).
O
Lemma 4.3 (Basic estimate for the Dirichlet integral). There holds
VUPdy =1 [ lag?d6 < E a2, 4.13)
R2 4 Sl 2
Proof. Testing (4.1) by U on the ball By, and using the fact that
R 2
/ WU+y-VU)-Udy=— |U|~ds, 4.14)
B 2 s
R R

we get the local energy identity

: |VU|2dy=/S (UO,U+§|U|2—%lUle,—PU,>ds (4.15)
R R
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Here, we are denoting 0, = ﬁ -Vand U, =U - ﬁ
By (4.3) and (4.6), we have
lim sup/ Uo.Uds < Cla, M, ||Vl x ). (4.16)
R—>+o0 J S5, ‘
Due to (4.3), there holds
. R 2 1 2 T 2
1 — = — < — 4.17
Roso SR4|U| ds 4/51 a0l < 5 M, 17
and
lim / |UI*U,ds = 0. (4.18)
R—+o0 Sk

Since P € L*(R?) (see (3.23)), by the mean value theorem there exist a sequence of radii {Ri =123,
such that R, — +oc0 and

Rk/ |P|?ds = 0 (4.19)
Sg,
as k — +oo0. Consequently, there holds

1

2
/ PU,dssi/ |Plds < — (/ |P|2ds> -0 420)
S, Ry Jsy, VR, \ sy,

as R, — +oo. Hence, by taking R = R, with k — 400 in (4.15) and using (4.16), (4.17), (4.18), (4.20),
we obtain

[ 1v0rdy < cem vy, (“21)
R

Next, we remove the dependence on ||V || X, in (4.21). Since we now know that |[VU| + |P| € L*(R?),
similar to (4.20), there exist a sequence of radii { ﬁk }k=1223.... going to infinity such that

/ PU.ds / Uo.Uds
7 S

Ry Ry

- 0. (4.22)

Taking R = ﬁk with k — +o0 in (4.15) and using (4.17), (4.18), (4.22), we get the desired estimate (4.13).

O
Lemma 4.4 (Basic bounds on the pressure). The pressure P satisfies
V2Pl 11wy + VPl 2@y + 1P Loy S M2, (4.23)
and
lim P(y) = 0. (4.24)
y—00
Proof. By (4.13) and the classical div-curl lemma [27], we have
2
divdiv(U @ U) = )’ 9,U;0,U, € H'(R?), (4.25)

ij=1

where H! denotes the Hardy space, and there holds

| div div(U @ U)ll31 @2y S / IVU|*dy < M>. (4.26)
R2
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Hence, by the Calder6n-Zygmund theorem for Hardy spaces [64], there holds
V2P|l L1y + VPl ooy S M. 4.27)

Further, the remaining claims of the lemma follow from the last estimate and 2D Sobolev embedding [62].
We also refer to [11, Theorem 5.13] for a self-contained proof of the relevant estimates. L]

Lemma 4.5 (Local upper bound near the origin). There holds

max [U(y)| < C(MD). (4.28)

Proof. Denote
¢=§|U|2—§-U+P (4.29)

for the Bernoulli pressure associated with (4.1), and denote
Q= ayz U] - ayl Uz (430)
for the vorticity function. From (4.1), one can derive
—A® + (AU — %) VO = -0 <0, 4.31)

which implies the one-sided maximum principle for ®, namely, for any R > 0,

max ® < max ®. 4.32)
BR SR
Note that
limsup |®| S M (4.33)
[yl—c0

holds due to the asymptotic behavior of U and P at infinity, see (4.3) and (4.24). Taking R — oo in (4.32),
we receive the pointwise upper bound on @ given by

m%XCI) S M. (4.34)
R

Further, due to %lUl2 > 0 and (4.23), we obtain
max(—2) - U < max | P| + max ® < M2 + M. (4.35)
R2 = 2 R2 R2

Using (4.13), the mean value theorem for integrals and Sobolev embedding on the circle, we can find a
good circle S, with r, € (1,2) such that

2
max [U(y) = U(r,)| < < / |VU|2ds> SM, (4.36)
YES,, s,
here U being the average of U over circles:
U(r) = L/ Uds. (4.37)
2xr s,

Suppose there exists a point y, € S, such that

U(y,)| > M(M? + M), (4.38)
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where M is a sufficiently large absolute constant determined by the arguments to follow. By (4.36) and
choosing M large, for any y € S, we have

UG) - Ul < %wmn, UG <20UG). (4.39)

and consequently
U®»-Uu)-UW
Uyl

>~ UG (4.40)

Let
Uy,

Viw = ~loy77—— € ’
ol "
then combining (4.40) and (4.38), we deduce

_ .U — _*
2 Y07 ( UG,

r, 1
> = (—zlUoII+1UG)

> 27M(M2 +M). (4.42)

(4.41)

+ IU(y*)|>

By choosing M large, the last estimate contradicts with (4.35). Hence, we have shown that (4.38) is
impossible, in other words, the pointwise estimate

max U| < M*>+ M (4.43)

s

must hold.
By (4.13), (4.43) and Sobolev embedding, we have

WUl gy Sn 1O+ IVU 125, S MP + M (4.44)
for any N < +c0. Hence, for 1 < s < 2,

IU - VUl g,y S NUN 2 |IVUll 28, Ss M + M. (4.45)
20 L= 20

|
(By)

By equation (4.1) and local Stokes estimates, we obtain

WU llw2ss,y) Ss WU lwisepyyy + U - VUl psepyy + 1y - VUl Lsa,

<, M+ M. (4.46)
The last estimate implies (4.28) via Sobolev embedding.
0
Lemma 4.6. There holds
AU |Pdx < M>. (4.47)
R2
Proof. Taking the curl of equation (4.1), we obtain the associated vorticity equation
—AQ—Q—%-VQ+AU-VQ=O. (4.48)

Testing (4.48) with Q in the ball By gives

|vsz|2dy=1/ dey+/ (arsz+ l|y|9—iU,Q>st. (4.49)
B 2 /g s 4 2
R R R
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We would like to prove the qualitative decay of the boundary integral in (4.49) along some sequence of
R — +c0. First, we rewrite it as

/(a,sz+1|y|gz—iu,g)gds
s 4 2
R
1 [d ) R 1 ) A )
- |Z Q24 +(———) Qds -2 [ uQds. 4.50
2Rdr<r/sr s)],:R 4 R/SR S2/’ S (4.50)
For simplicity, denote
J(r)=r / Q%ds. 4.51)
S

r

and J' for its derivative in r. By (4.1), we can take R, > 10 (the quantitative size of R, is not important)
such that

sup |U| <L 1. (4.52)
R2\Bg,

For R > R, by (4.50) and (4.52), we have

/ (a Q+ 1 |Q—4UQ) Qds < - J'(R) + LI (R) (4.53)
s TR TR = 2R g ) ‘
By (4.13), we have

/ Q?dy < M? <+, (4.54)

RZ

hence by the mean value theorem for integrals there exists a sequence of radii {p; },_;, 3. such that
pi € (22K, 22k+1y and

Jo0) / Qdy. (4.55)
Bok+1\ Bk

which converges to 0 as k — +o0. For each k, we define p; € [py, pi1] according to the following three
cases:

1. If J'(pryp) <0, we simply let py, = py -
2. If J'(py1) > 0 and the set C = {r € [py, pryi] ¢ J'(r) = 0} is non-empty, then we let p; = sup C.

3. If J'(r) > Oforall ¥ € [py, pys1], then we choose py, such that J'(5y) = (pr1 — )~ (T (Prs1) = I (P1))
whose existence is guaranteed by the mean value theorem.

By construction it can be verified that, as k — +oo0,
J(pr) < J(pryr) = 0, max{J'(p,),0} = 0. (4.56)

Hence, based on (4.53), (4.54) and (4.56), and by taking R = p,; in (4.49) with k — +o0, we get
IVQ|*dy < l/ Q%dy < M. (4.57)
R2 2 R2

Since —AU = V+Q with V1 :=(=0,,0,), (4.57) is equivalent to the desired estimate (4.47).

Now, we are ready to present:
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Proof of Proposition 4.1. By Sobolev embedding and scaling, for any R > 2 and N > 1 we know that

PRI DN
R~ < U] dy) SN ( VU] a’y> + U(R),
BR BR

with U defined in (4.37). By Holder’s inequality and (4.13), we know that, for R > 2,

B _ 1 R 2r
O(R) - T(2)] < - / / 10.Udodr
27[ 2 0

1 1
R 2 5
< </ r_ldr> (/ |VU|2dy>
2 R2

< (In R)i M.
In view of Lemma 4.5, from (4.59) we further deduce
IU(R)| < C(M)(InR):, VR>2.

Then, combining (4.58), (4.60) and (4.13) we obtain

: (RVIUNVdy Sy (CM)YN(nR)? |

Hence, for any y > 0 there holds

_2_ N < _2_ N
[o(wrw) =3 [ ()
IRZ\Bl k=0 B2k+1 \sz

+00

Sy €AY Y 2N+ 1)7

k=0
<, v (CMN.

Applying Holder’s inequality and using (4.62), (4.13), we get

_ 44N N
/ |y| 24N |UVU|2+Ndy
R2\B,

_2_ N i 5\ N
S (/ (v~ u1) dy) </ VUl dy)
Rz\Bl |R2\Bl

S, (CM)=F < CM).

Making the change of parameters

4 _4+2yN

g1 =———, &=
2+ N 2+ N

’

we deduce from (4.63) that, for e, € (0,1) and &, > €,

/ VIR - VU Py s, . CM).
R2\B, "

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)
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Also, notice that for such £, and ¢,, there holds

x \ 7 =
/ M2 IAUP“dy < (/ v dy) (/ |AU|2dy>
R2\ B, R\ B, R\ B,
Sepe, CM) (4.66)
by (4.47). Similarly, by (4.23) there holds
[ wraveEaays,, ., co. (4.67)
R\ B,
Combining (4.1) and (4.65)—(4.67), we arrive at
/ MU + - VU dy
R2\ B,
< / D17 (JU - VU + AU + VP dy
R2\ B,
<o COM). 4.68)

Now, it is convenient to work with polar coordinates » = |y| and 6 € [0, 2x). Noticing that U +y-VU =
0,(rU) and using (4.28), (4.68), for p > 2 we have

)
plU(p,0)| <2|U(2,0)| +/ U +y-VUldr
2

Pl ;:_2 p ﬁ
<2|U12,0)| + (/ rl-e dr) </ r1‘52|U+y. VUIZ'Eldr>
2 2

1

Qe p =
Sere, CM)+p 7 </ r1_£2|U+y-VU|2_81dr> .
2

As a consequence, there holds

+0o
sup 22| U(r, 0)* ™1 5, ., C(M) + / r=e|U +y- VU 1dr. (4.69)
r>2 2
Integrating (4.69) in 6 and using (4.68), we obtain
2r
/ sup P2 |U(r,0)*1d6 5, . C(M), (4.70)
0 r>2

which further implies

+00 2
/ re|U P ady < < / r-1-£2dr> / sup > |U(r, 0)|*>~€1d0
R2\B, 2 0 2

C(M). 4.71)

<
~E,E)

Combining (4.71) with the local bound in Lemma 4.5 gives the desired estimate for U in (4.5).
Next, we prove the weighted estimate for pressure. A direct application of Holder’s inequality together
with (4.71) and (4.62) gives

M=2

2
™ M
/ r2U @ U dy < (/ r—262|U|2—61dy> </ r—2—vM|U|Mdy>
R2\B, R2\B, R2\B,

Sepermm CMD, 4.72)
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where we are taking 6;,6, > 0 as

61 2_81 4—482
8=+ L 6= V)

> v (4.73)

with arbitrary M > 10 and 0 < v < 1 (independent of €, €,). Due to Lemma 4.5, if 6, is sufficiently
small we can enhance (4.72) to

/R 2 rU QU dy 5, o) vy C(M). (4.74)

Since r~% is an Az_él—weight if 6, 6, are sufficiently small (see, for instance, [34, Example 7.1.7]), from
the definition (4.2) we deduce that

/ 2| PP 0dy < C(M). (4.75)
RZ

In view of (4.73) and the requirement £, > €, we point out that the allowed range of (6,, §,) for (4.75) to

hold contains the set

{(51,52)€R2:0<51<%, 451<52<%}. (4.76)

This finishes the proof of the desired estimate for P in (4.5).
O

5 Bootstrapping via parabolic estimates

In this section, we prove Proposition 2.3 using a bootstrapping procedure based on parabolic regularity
theory and the quantitative weighted estimates for U, P obtained in Proposition 4.1.

Proof of Proposition 2.3. As before, we write U = a + V' which is a solution to (4.1). We separate the
proof into a few successive steps.

Step 1. Transforming to the non-stationary problem.
From U, P, we define

1 b’ 1 x
u(x’t) =—U — B p(xat) =-P| — 5 (5'1)
Vi <\/?> ! <\ﬁ>

then (u, p) solves the non-stationary Navier—Stokes equations with coefficient A, namely,

(5.2)

ou+ Au-Vu+ Vp = Au,
V-u=0.

By the local smoothness of U and P, the time-dependent solution (u, p) is smooth for any positive time.
By (4.3), the initial datum of u is given by

u(x,0) = Lao < X ) , (5.3)

x| \ [
which is achieved in the sense that, for any compact set K ¢ R?\ {0},

sup sup t_%lu(x, 1) —u(x,0)| < +oo. 5.4
xeK 0<r<1
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Our goal is to obtain a quantitative version of (5.4) with the help of the available bounds on |||y|™2 P|| ;2-,
and |||y|7> Ul 2-n -
By construction and Proposition 4.1, for any ¢ > 0 we have
- n
=120 [IyITPU W p2on g2y < CM) 14721, (5.5)

| | -
X
( -~ > u(x, t)
\/; 1271 ([RZ)

e
|x]
s p(x’t)
H<\ﬁ)

As a consequence, for the annulus domains Ay := By \E C R? with R > 1, we obtain
R

and

_lyn
=12 [y PO 20 w2y
L*71(R?)

1

1, 1
<C(M)t 2T (5.6)

_n,_n
”M(X, t)”LZ—y] (AR) SR C(M)t 2 4-2y . (5_7)
and
1l n,n
”P(X,t)”L?*h(AR) SRCWMD)E 2 2 4, (5.8)

Step 2. Propagating local-in-space-time energy estimates.

Next, we perform a local energy estimate for u inside the annulus .45 near the initial time. Let ¢ be a
smooth cut-off function in R? satisfying: (1) @(x) = 0 for any x € R?\ As; (2) p(x) = 1forany x € Ay;

9
3) [Vo((x)| < |@(x)| 0 for any x € R?. Testing the first equation of (5.2) with ug?, we obtain a local
energy inequality given by

4 </ |u|2q02dx> +2/ IV (ug)2dx
dt R2 [RZ

=/ (2Aul*@u - Vo + 4ppu - Vo + 2|ul*|Vo|?) dx. (5.9)
IR2

By Sobolev embedding, for any 1 < N < +o0, we have

1
3
luell Lvre) Sy (/2 IV(M(P)IZdX> : (5.10)
R

Let us treat the right-hand side of (5.9) term by term. By the property (3) of ¢, Holder’s inequality, (5.7)

and (5.10), we have
;1 303
s/ 1 (pwdx,s/ lul’ lugl3 dx
R2 R2

/ 22|ul?pu - Vodx
R2

3 3 3 3
< ull2 P <2 P
~ ”u”L%(AS) ”u(p”L%(RZ) ~ ”u“LZ*VI(As) ”u(p”LlTS(R%
BECETE 3
<CM)t * 8n < / |V(uqo)|2dx> . (5.11)
R2
Hence, there holds
2 1 2 —33/2+3_L
2Au|“pu - Vodx| — 3 |V(up)|*dx < C(M)t o, (5.12)
R? R?
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Applying Holder’s inequality, (5.8) and Ladyzhenskaya’s inequality
1 sy S 11 IV g VS € CER,
we obtain
‘ / dopu- Vodx| Sl s Nl o) S 1ol 2on o el oy
1
I n, n 4 1
<cmyTETE ( / |u|2(p2dx> ( / |V(u(p>|2dx>
R2 R2
Hence, there holds
1 2,
'/ dopu - Vodx| — 3/ IV(ug)2dx < C(M)r > 3 o </ lul?p de) (5.13)
R2
For the last term in (5.9), similar to (5.11) we have
9
[ 2ubivorass [ wlloliax
R2 R?
1 9 9
5 < 5
Sl gl % N ol
9
2 10
< c T ( / |V(u(p>|2dx) , (5.14)
and consequently,
V4
/ 2|ul*|Vol*dx ~ l/ IV(ug)Pdx < C(Mye ™ n (5.15)
R2 3 R2
Combining (5.9), (5.12), (5.13) and (5.15), for t € (0, 1) we get
d 2 2 2
— </ lul“@ dx> +/ |V(up)|~dx
d[ R2 R2
<CM)t 4 (/ lul“@ dx) +1]. (5.16)
R2
Solving the above differential inequality together with the initial time bound
hm/ lu(x, )| (p(x)zdx —/ |u(x, 0)| ¢(x)2dx < C(M), 5.17)
we arrive at the quantitative local energy bound
1
sup lul?@?dx + / / |V(ug)|>dxdt < C(M). (5.18)
0<r<1 0 JR2
Step 3. Regularity estimates near the initial time.
Yy
Since the initial datum uy = i I(lly ‘) € C%(R?\ {0}), similarly to [40] we can decompose Uy =u, +u(02)

with div ug) =0, uél)l 4, = U, SUpp ué) C As and ||u0 lcer2) S M. Consider the local-in-time mild
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()

solution v on a time interval [0, T] with T = T'(a, M) € (0, 1] to (5.2) with initial datum given by Uy s

namely,
o,v+ Av- Vv + Vg = Av,

V-v=0, (5.19)
v(x,0) = uél).

The classical construction of v (see, for instance, [28, 46]) treats the nonlinear term Av - Vv as a small
perturbation to the linear Stokes system, hence 7" can be chosen uniformly in A € [0, 1]. Moreover, it is
easy to show that v enjoys the energy estimate

T
sup lo(x, H)|>dx + / IVo|*(x, dxdt < C(M), (5.20)
R2 0 R2

0<t<T

and the regularity estimates
”U”ngr(sz[O,T]) + 191l Lo @2xjo.ry) < Cla, M). (5.21)

Let u = v + w, then w satisfies the perturbed Navier—Stokes equations

(5.22)

ow—Aw+ Aw-Vw+ Av-Vw+ Aw - Vo + Vp =0,
V-w=0

in R? x [0, T], with p = p — ¢ being the difference between the associated pressures for « and v. Note also
that the initial datum of w enjoys the vanishing property

w(x, 0) 4, = (g — )| 4, = 0. (5.23)

By the local energy estimate for u obtained in Step 2 as well as the global-in-space energy estimate of v,
we have

T
sup lw(x, 1)|*dx + / [Vw|?(x, )dxdt < C(M). (5.24)
A4 0 A4

0<t<T
Standard interpolation gives

T
/ / lw(x, s)|*dxds < C(M), (5.25)
0 JA,;

and consequently, for r € [0, T],
! 1
/ / lw(x, s)|*dxds < C(M) 1. (5.26)
0 Ja,

By (5.8) and (5.21), for ¢t € [0, T] we have
PG, DIl 2, Uy S lpC DIl 2 Uy T llgC, Ol p2-n, (A3)
< Cla, M) 373, (5.27)

and consequently,
3r

t
/ I5(x, )| 2dxds < Cla, M)ti~ 7. (5.28)

We extend the functions w, p, v by constant value 0 to A5 X [—1 + T, 0), then using (5.23) one can verify
that w, p'is a suitable weak solution to the equations (5.22) in the domain A5 X[—1+T, T]. Then, applying
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the e-regularity result of [41], we deduce that w € CgaI(Az X (—%, s]) with some universal Holder exponent

p > 0 for a sufficiently small s, = sy(a, M) € (0, T], and there holds

” w”Cgar(-AZX(_%,SU]) S C(aa M) (529)

We remark that the e-regularity result of [41] is for three-dimensional solutions, which include our two-
dimensional solutions as a special case. Moreover, the additional parameter A € [0, 1] here is not harmful
since the argument is perturbative. By the regularity of v, we further deduce that

el e g o5, < €@ M. (5.30)

Step 4. Estimates in self-similar coordinates and the final bootstrap.
By (5.30) and the definition of u, we have for x € A,,0 <t < s,

1 X 1 X
—U|\ = )-— — )| £ Cla, M). 5.31
’\/; <\ﬁ> o ()| < cea0 G-3D

Letting x = ﬁ € S, and 1 = |y|~2, the above estimate implies that
'IyIU(y) ~q (ﬁ)' < Cla, M) (532)
_1
for [y| > s, 2. Together with (4.28), we get
UG)| 5 Cla, M)(y)~" (5.33)

for any y € R%. By the Calderén-Zygmund theorem, we deduce
1Pl 1+e 2y S Cla, M) (5.34)

for any € > 0.

Next, via a bootstrapping step we can improve the Holder exponent in (5.30) to match the regularity of
the initial data. (If § > a, this step is unnecessary.) By the definition of p, for any e > 0and 0 < ¢ < 1 we
have

||p(x, t)||L1+s(R2) =1 T+e ||P||L1+E(R2) < t_£C((X, M) (535)
Using Ap = —Adiv(u - Vu), (5.30) and (5.35), there holds

”p(xa t)||L°°(.A3) Sg t—EC(a’ M) (536)
2
for 0 <t < 1. Define
1
(x, 1) = e ul(x) - / I (Au - Vu + ¢V p)(x, s)ds (5.37)
0

where ¢ is a smooth spatial cut-off function supported in A3 with ¢| 4, = 1, and let @ = u — u. Then, by
2 3

(5.30), (5.36) and basic estimates for the heat kernel, we obtain

||5||c;dr(A4x[o,1]) S Cla, M). (5.38)
3
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Moreover, & solves the homogeneous heat equation 0, = A in A4 X (0, 1] achieving zero initial datum

3
at A4 X {0} and uniformly bounded at (0A 3) X [0, 1] (see (5.33)), hence it is locally smooth and, in
3 3
particular,
||ﬁ||cgar(,45 x[0,1]) < Cla, M). (5.39)
I

In conclusion, we have obtained the optimal local Holder regularity for u, namely,

lullcg, s xionp < Cla M. (5.40)
s

Finally, going back to self-similar coordinates again, we get for x € 45,0 <t < 1,
4

1 X 1 X a

which then implies that, for |y| > 1,

‘IyIU(y) —a <|—§|>' < Cla, M)|y|™*. (5.42)
Together with (2.6), this proves the desired estimate (2.15). L]

6 Numerical observations

In this section, we explain the numerical methods used to find Observations 1.2. The Leray equation (1.4)
admits the Z,-symmetry R defined by the reflection with respect to the horizontal line x, = 0. We made
the following more detailed numerical observations:

Observations 6.1. For the —1-homogeneous initial velocity field,

oyy
up(y) = ——=, 6.1)
|yl

we numerically observe the following:
1. In the range o € [0, 80], there exists a R-symmetric solution U, of (1.4) satisfying (1.5).

2. There exists o =~ 39.2 such that the linearized operator around U has a one-dimensional kernel.

3. At 6 = oy, there is a supercritical pitchfork-type bifurcation corresponding to the breaking of the
symmetry with respect to the horizontal axis. More precisely, for o € [o0y,500], there exists two
solutions U, +V, and U, + RV, of (1.4) satisfying (1.5), where V, = 0 at 6 = o and V is not
R-symmetric (hence non trivial) for ¢ > o,

Since the methods are pretty similar to what was done in 3D [36], the description is relatively brief.

6.1 Discretization

The computational domain is the ball of radius R centered at the origin By, and its size is chosen to depend
on o as R, = 1004/1 + ¢ /80 in order to better track the solution. For simplicity, instead of considering
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(1.4)in B R, with U(y) = uy(y) on 0B R,» W€ rescale the amplitude and the domain B R, 1O the unit ball By,
hence we consider the following problem to solve numerically:

_Aﬁ_%§(ﬁ+y.v;ﬁ)+aﬁ~vﬁ+vﬁ=o in B,
divU =0  inB, 62)
U%)=5%7 ondB,
where
0G) = ——U(R,. 63)

o

That way, we work on the fixed domain B; on which only one mesh can be considered. The mesh is
constructed by first meshing the disk uniformly, then performing one refinement in B; and a second one

2
in Bi, leading to a total of 100013 cells and 50218 vertices. On this mesh, U and P are respectively
4
discretized using Lagrange P2 and P1 finite elements using the package FEniCS [61, 5].

6.2 Continuation

A numerical continuation is performed in o: in [0, 10] we choose a step of 0.02 and in [10, 80] a step of
0.2. At each step the solution from the previous step is used as an initial datum for a Newton’s method.
This Newton’s method typically converges in two or three steps and automatically remains in the class of
R-symmetric solutions.

We numerically find a solution l~]a which is R-symmetric for ¢ € [0, 80], represented on Figure 6.1.

6.3 Spectrum

For each value of o, the first 10 smallest eigenvalues of the linearization of (6.2) around lNIo, are calculated
using the Krylov—Schur algorithm [37] implemented in SLEPc [38].

At 0 = 0, the eigenvalues found numerically are given up to a very high precision by 1 + g, n € N with
multiplicity n + 1, and correspond exactly to the discrete spectrum of the Stokes operator in self-similar
coordinates.

The real part of the eigenvalues closer to the real axis are represented on Figure 6.2. In particular, a real
eigenvalue crosses the real axis near o, ~ 39.2 whereas all the other eigenvalues have a strictly positive
real part on the range o € [0, 80].

Interestingly, the eigenvalue A = 1 is unchanged with respect to ¢; the explanation is that one can prove
that any eigenvector with non-zero mean has A = 1.

6.4 Bifurcation

Standard bifurcation theory indicates that when a real eigenvalue is crossing the imaginary axis at o,
then another solution should bifurcate from (76 at 0 = (. This new branch of solution can be found
numerically: for a value of o slightly bigger than o, Newton’s iterations are performed with the initial
guess lNIG + a¢, where ¢ is the eigenvector corresponding to the crossing eigenvalue, and @ € R is some
real parameter to be adjusted. Then a continuation described above can be performed.

This leads to the numerical construction of a non-symmetric solution l~fa+l76 foro € [0y, 80] represented
on Figure 6.3.
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Figure 6.1: Representations of the solution l~fa of (6.2) for o € {0, 20, 80}: all solutions are R-symmetric.
The first column is on the full computational domain and represents in color the magnitude
|)7||l~](})| and the streamlines of U. In particular, for ¢ = 0, the solution is in addition
symmetric with respect to the vertical axis because it solves the self-similar Stokes equations.
The second column represent the solution near the origin with the color being the magnitude

of |U)|.
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Eigenvalues of the linearization around (76 |SA|
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Figure 6.2: Eigenvalues of the linearized operator around (70 found numerically. The color of the lines
represents the absolute value of the imaginary part of the eigenvalues. The eigenvalue A = 1 is
associated to the projection given by the mean of the eigenvectors. Near o, ~ 39.2, one single
real eigenvalue is crossing the imaginary axis.



Forward self-similar solutions to the 2D Navier—Stokes equations

35

o =40.0 |U

o =80.0 |
0.2
0.0
-0.2
—0.3 —0.1 0.1

40

30

20

10

o =40.0 U, +V,|

0.2

40

30

20

o =60.0 U, +V,|

0.2

0.0

-0.2
-0.3

o =80.0 U, +V,|

0.2 40

W
0.0 \

-0.2
-0.3

0
-0.1 0.1

Figure 6.3: Representation of the symmetric solution 175 on the left and of the non-symmetric solution

ffa + 176 on the right for ¢ € {40, 60,80}. The representation is done near the origin but
slightly shifted to the left since the interesting part is in that direction. One visually sees that

the two solutions are different.
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