NAVIER-STOKES SYSTEM

The stationary Navier-Stokes equa-
tions In a two-dimensional un-
bounded domain €2 are

Au—-—vVp—(u-Vyu=r,

V-u=0, u,,=U".
More precisely, the domain €2 is taken
as the complement of a compact or
empty set. In the case where (2 is an
exterior domain, the flux ® is an im-
portant parameter,

<I>=/ u-n.
519,

OPEN PROBLEM

The existence of solutions to the
Navier-Stokes equations satisfying
im u=0
| x| — o0
is only known when the domain,
the boundary condition u* and the
source-term f satisfy symmetries.
The general case is still an open
question mostly due to the fact
the asymptotic behavior of weak-
solutions is not known.

SYMMETRIES

The Navier-Stokes equations are in-
variant under three continuous sym-
metries:

e Translation symmetry

u(x) — u(x + Xg), Xo < R?.

e Rotation symmetry, Ry € SO(2)

u(x) — R, 'u(Ryx), U €R.

e Scaling symmetry
A e R.

u(x) — e u(e’x),

SCALE-INVARIANCE

The only scale-invariant solutions,
VA e R,

having a flux ® € R are the harmonic
functions

u(x) = e*u(e™x),

¢ L
Unharm = —€r + — €y,
27 r

for © € R and the Hamel solutions
1
Unhamel = 790(90 + 0)e,,
forn € N* and 4 + 2 < n?, where ¢
is a 2Z-periodic function.

ASYMPTOTIC BEHAVIOR

e In three-dimensions, Sverak
proves that the solution of the Navier-
Stokes equations behaves at infinity
like a scale-invariant solution, i.e. a
Landau solution.

e In two-dimensions, he also
proves that, even if the source term
has zero mean, one cannot prove that
the asymptote is a scale-invariant so-
lution, /.e. a Hamel solution.
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NEW SYMMETRY

The idea is to combine the rotational
and the scaling symmetries:

G=RxSO@2)~Rx S'.
One-dimensional subgroups of G:
G.={(\,9) eG: rkA+9=0},

where Kk € R or k = 0.
A solution is invariant under G, if

AeR.

This generalizes the scale-invariant
solutions (x = 0) and the rotation-
Invariant solutions (k = 00).

u(x) = e*R, u(e*R_,;1X),

POTENTIAL

The ordinary differential equation as-
similates to the Newton equation of a
damped particle in a potential:

V

A

> ¢

In order obtain periodic solutions, the
damping term u + 4~ has to vanish.

MAIN THEOREM ON SPIRAL SOLUTIONS

For all ®,x € R, and n € N* satisfying 4 + 2 < n? (1 +x?) there exists a

277T—periodic: function ¢ depending on n, ®, and « such that for any 6y € R,

.

Unew = —

—p(@ +klogr+0p)e, +k(p@ +klogr+6y) —4) eg]

IS a solution of the Navier-Stokes equations having flux . Moreover, Uney and
to unharm are the only invariant solutions under the subgroup G..

ORDINARY DIFFERENTIAL EQUATION

The function ¢ in Theorem 1 has to be a 2w-periodic solution of
(1 + /{2) ©"'(2) — (1 + 4k) ' (2) + 4p(2) = @(2)2 —C.

NEW SOLUTIONS EXHIBIT SPIRAL BEHAVIOR IN r~

n=1and k = v3

n=2andx =0.0

n=3and x =0.0

n=4andx =0.0

n=1andx =+v3+0.4

n=2and x =0.4

n=1and x = v3+0.8

n=2andxk =0.8
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REGIONS OF EXISTENCE

SMALL SOLUTIONS

The only scale-invariant solutions up
to a rotation that have zero flux and
have ||rul|_ small are the harmonic
solution unym and the new solution
Unew fOr n = 2.

ASYMPTOTIC BEHAVIOR

If f has zero mean, the Stokes ap-
proximation

Au—-Vp=f, V.u=0.
has the asymptotic expansion
1
us=- [Acos(26)e, + Meg]l + O(r—?),

where A and M are compatibility con-
ditions,

A=/ (X1fi — Xxof2) |
RZ

BRANCHING

The new solutions are not sufficient to
describe the general asymptotic be-
havior even In the case f has zero

mean,
A

A un ew

CONCLUSIONS

1. New method for finding exact so-
lutions by using symmetries.

. New solutions decaying like r—

with spiral streamlines.

. Lack of a parameter to describe
the asymptotic behavior in the
case where f has zero mean.
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