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Solution

1 Modified equations

Q1: Determine the modified equation of the Lax-Wendroff sheme
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On the discretization of a function @, we have
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Therefore the truncation error is
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If @ is a solution of 9;@ + a0, @ = 0, then Oy @ — a?0y,% = 0 and Oyt + 630,44 = 0, so this suggests that the

modified equation is
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If @ is a solution of the modified equation, one has
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Therefore, on a solution of the modified equation, the truncation error is
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which proves that the modified equation is correct.

Q2: Determine the modified equation of the Beam-Warming scheme
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Therefore, one can prove easily that the modified equation is
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2 Stability and consistency

Q1: Show that the Beam-Warming scheme is L2-stable for » < 2 and second order in time and space.

The Beam-Warming scheme for transport is
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where v = ‘Z—A;. The scheme can be rewritten as
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so the symbol of the scheme is ' .
M(0) = a+ Be 10 4 o0

Stability: The scheme is L2?-stable if and only if
sup [An (0)]* < 1.
0

So we compute
AR () = 02 + B2 + 4 + 2B(a + 7) cos 0 + 2ary cos(26)

and its derivative
d
W IAR(0)]? = —28(a + 7) sin 6 — 4oy sin(26)
=2(v —2)(1 —v)?sinf (1 — cosh) ,

is zero when 6 = 0 or § = 7 on (—m, 7|. Therefore
sup |\ (@) = max { M), (@)} = max {1,(1 - 202 = 1))’} ,

and the scheme is L2-stable only when v € [0, 2].
Consistency: The symbol of the transport operator being p(6) = —iaf, one has
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so by taken the Taylor expansion in 6, there exists a constant C' > 0 independent of v, , At, and Az such
that

T<[1-iwf—2L8 —a—B+iB0+BE — v+ 2ir8 + 2782 + C (318 + 181161 + [1161%)
<|t—a—B—9|+|8+29/18 +|-% + £ +29]1012 + C (+* + 18] + 7)) 16]° .

Taking the definitions of «, 3, and ~ leads to the vanishing of the three first terms, so up to the modification
of the constant C, -
T<C(v+v%) 0P <Cl6P (A + Ax?) At.

This proves that the scheme is second order in space and time, therefore by the Lax theorem it is convergent.

Q2: Show that the Fourier symbol of Lax-Friedrichs scheme is not consistent (for small At).

The Lax-Friedrichs scheme is " " n n
N e Sl i S % B

J 2 2 ’

n+l n n
Ui = oty + g,

N[ =
(VN
N
[NIIN

The symbol of the scheme is . .
M (0) = el + pe™

For the consistency, there exists a constant C' > 0 such that
T=le" —M@)| <[1—ivh—(5-5) ~ (3 - %) 10— (3+5) + (5 +5) 0] + C (20 + )

272 | 72 2 Az?
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and therefore one could guess the inconsistency of the scheme for small At. To make a proof, taking v = 0 or
At = 0, one has
An(0) = cos b,

and for this specific value of v,
s _ _ 1
T = }e*”’e —M(0)| =1 —cos(8)]| > =- = 6|0|2Ax2,

for |0 < m. Therefore T cannot be bounded by
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for any value of p,q,r > 0, and this proves that the scheme is not consistent for small values of At.

Q3: Study the 3-points scheme for diffusion
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The scheme can be rewritten as
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for v = The symbol of the scheme is

An(0)=(1—2v)+ vel? + pe™i0 — (1 —2v)+2vcosf.
For the stability, one directly find that
sup |An(0))? = max {1,1 — 40} |
0
so the scheme is L2-stable if and only if v < 1.

For the consistency, the symbol of the heat operator is () = —62, and one can find the existence of a constant
C > 0 such that
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This proves that this scheme is first order in time and second order in space.

Q4: Study the 3-points scheme (a la Dufort-Frankl) for diffusion
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This implicit scheme can be rewritten as
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but also as an explicit scheme
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We remark that this scheme is L°°-stable unconditionally. The symbol of the scheme is

: . , 1
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and one has

1—2v
()2 = ,— <1
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so the scheme is L?-stable unconditionally.
However, for the consistency, there exists a constant C' > 0 such that
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and therefore the scheme is not consistent for small values of At.

3 Maximum principle for advection

Show that a second order (space-time) linear explicit scheme cannot preserve the maximum principle for all
CFL number.
Hint: Show that second order polynomials are exactly evolved with such a scheme.

‘ This is a theorem by Sergei Godunov, see for example Theorem 2 of the Wikipedia page Godunov’s theorem.

4 Functional analysis in Fourier

This exercise can be considered as a pedestrian introduction to a much broader topic, see for example the
Chapter 7 on the Hille-Yosida theorem of the book Functional Analysis, Sobolev Spaces and Partial Differential
Equations by H. Brezis. The aim is to give a meaning to the representation formula u(t) = e*uy where A is
an unbounded operator. Typically A = —ad, or A = 9,,. The issue is that

eAt _ § AN
n>0

is meaningless for unbounded operators. One needs to construct such an object by an approximation procedure.
Q1: We consider the Fourier decomposition v(z) = \/% Jr9(0)e*”*df and the truncation in Fourier space

1 A ,
= 5(0)e*dn, X > 0.
@) = —= [ alo)e

Show that limy_,o, vy = v for v € L%(R).
Measure the difference in L?(R) for v € H*(R), s > 1.

‘We have

1 ~ 0x
v(z) —vp(z) = MA\[ A/\]U(O)e 9z dp

which converge pointwise (at fixed values of x) to zero, so limy_, ., vy = v pointwise. However, this is not
showing the convergence in L2.
To this end, we remark that
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where x[_ ) is the indicator function of the set [-A, A]. Using the Plancherel theorem, we have

lo = vall32 = |2 = xeamdllre = [[(1 = x=am) 7]

= [0 e@rw= [ o,
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which converges to zero as A — oo. Therefore limy_,o0 v = v in L2
In addition, if v € H", then by definition
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s0 ||[v — va|| 2 decays to zero like A7 in the limit A — 0.

Q2: Define the space
Xy ={veL*R), 5(0) =0 for ] > A}.

Show that
a0z (xy) < aX

For v € X, one has
lad,v|| L2 = ||abd| L2 < aX||D||zz,
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Q3: Give a meaning in £(X}) to the series
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Taking the L2-norm, one has
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so the series is absolutely convergent, hence convergent for v € Xy. Obviously e~ %%ty € X}, so =99 defines
an operator on X.

Q4: Consider the problem (a > 0)

Oruy + adzuy =0, t>0, zeR,
un(z,0) = —= [ d(0)e?*do

where 19 € L2(R). What does mean uy(t) = e ==t (0)? Show the a priori bound

ua(®)]| 2@y < €™ |Jux(0)]| L2 (r).-

In view of the previous question, we can define
uy (t) = e~ 4%ty (0)

which is in X,. Taking the time derivative leads to
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which is still an absolutely convergent series. Therefore, uy(t) is a solution of the equation. The bound follows
from the previous question.

Q5: Show there exists u € L°°(0,7T; L?(R)) such that

lim uy = u in L>(0,T; L*(R)).
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The simplest way is to identify the limit with
U(t) _ f_l (e—iaﬁtao) ,
which is a function in L? for each values of ¢. Since

2 —i .12 ~ 2 2
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this norm is L>°(0,T), which means that u € L>(0,T : L?>(R)). To proven the convergence, we have

. N —iabt —iaft ||2 . .
lua(t) = u(t)3e = [ar(t) — @(t)]|22 = [le7 % x(0) — e *®*diq ||, = [|@x(0) — @ol|72 — O

as A — 0.

Q6: Generalize to the problem
0w = Oggu, t>0, x€R,
up € L*(R), = €R.

The proof goes exactly in the same spirit, except that we now have inequalities like

2 —e2t - |2 2 2
lu(®)12 = ||e=*a0|| , < laolFa = luol?

instead of equalities.

5 Weighted norm

The following example shows that the choice of the norm matters for the numerical analysis, specially if one
takes weighted norms.

Take two positive parameters a,o > 0. Let u be the solution of the transport equation with a source

owu+ adyu=ou, z€R, t>0,
u(0,2) = up(z), xR

We will systematically assume that all solutions u tend sufficiently fast to zero at infinity.
Q1: Give the exact solution in function of the initial data.
Hint: one can constructs a formula for the solution under the form wu(t, z) = p(t)ug(z — at).

Let

u(t, z) = @(t)ug(z — at) ,
for some unkown function ¢. One has
Ou = @' (t)uo(x — at) — ap(t)uy(z — at) ,
Ozu = @(t)uy(z — at),

S0
Ou + adyu = ¢’ (t)up(z — at) .

In order that w is a solution of the equation, the function ¢ has to solve
¢'(t) =op(t),

7.€.
o(t) =e".

Q2: Show that Hu(t)||L2(R) = e”tHUOHLz(R).
We have

lu@®)llzz = le(®)llluollzz = ™ [luoll L2

Q3: Determine the properties of the symbol of the operator.

The operator putting the equation under the form d;u = Au is
A=0—a0d,,

so its symbol is

w() =0 —iab.

Q4: Consider the weighted norm

lull = [luv/@]| 2y = / ()2 () dz

where w > 0 is the weight.
Find w such that
[u(@)] = lluoll, Vt>0,

for all possible ug.
Indication: by derivation of the criterion, one can try to construct an equation satisfied by w and then solve
the equation.

This aim is to find a weight w > 0 such that
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Taking the time derivative of the left rand side leads to
d 2
— u(z, t)w(x)de | =2 [ u(x,t)dwu(x, t)w(z)ds

= 2/Ru(x,t) (ou(z,t) — adyu(x,t)) w(zr)dx
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ou(z, t)?w(z)dr — 2a/ u(z, t)0yu(x, t)w(z)de

——

R
2 Ju(x,t)Qw(x)dx—aABm(u(x,t)z)w(x)dx

=2 [ ou(z,t)*w(z)d +a/ u(z, t)’w (z)dx

R
- 2/ u(z,t)? [20w(z) + aw'(z)] d .
R
Therefore, this expression is zero in general provided the weight satisfies
20w +aw’ =0,

so the weight is

Q5: Consider the upwind scheme under the form
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where the source is also upwinded. The numerical solution at time step ¢, = nAt is uff = (u? and its

J )jeZ
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Assume the CFL condition v = a% < 1. Show the inequality

discrete norm is

[u" ™ < Qo) |lu"]l, Qo) =1—v+ (v+oAt)e =47
Indication: show that
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The upwind scheme can be written as
n+1 n n
urt = aui + Bu!

j—1>
with
a=1—v, B8 =v+oAt.
Since
20 _ 20 20 _ 20
w; = e a]sze aAa:e 22 (j I)sze quwj,17

one has for v <1 that

S it Py = 3 (@2l P + B2y | + 208ulul ) w;
J

J
= Z (a2|u§b|2w] —+ 62|u?|2wj+1 —+ QOLBU:’;,/wju?_lq/wj_le7%A$)
J

= Z (oz2 + ﬂzef%gmﬁ |u;?|2wj — afe @A Z (u} /oy — u;-’_lﬁ/wj_l)Q
J

j
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J
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J J
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where
Qo) =a+ Be a2 =1 — v+ (v +0oAt)e a2,

Therefore we just prove that

lu™ ] < Q(o)l|u™] -
Q6: Show that Q'(c) < 0 and prove the uniform stability (in the weighted discrete norm) of the upwind scheme.
One has

& A s AtA =
Q'(0) = Ate™ a4 — Tx (v 4 oAt)e a4 = — axae—zﬁfﬂ <0.

Since Q(0) = 1, we have Q(o) < 1 for o > 0, so the scheme is stable in the weighted norm for v < 1.
Another easiest way to prove the stability is to use the Fourier theory. We define

n__ ,n -
v =ui/wj,
so that
n+1l __ n —Z2Az, n _ n 2.,.n
T = (1—vv} + (v+oAt)e vi_, = avi + o,
where

a=1-v, B=v+9, 5:0Ate_%Ax+y(e_%AI—l).
Therefore, the symbol of the scheme is o
M (0) = a+ Be™ ™,

S0
IAn(0))? = o? + B2 + 2aB cos .

and therefore - -
sup IMn(0)[* = max {(a + B)?, (a — B)*} = Q(0)* <1,

which prove the L2-stability of v} i.e. the stability of u7 in the weighted norm.

Q7: Prove that the scheme is convergent (eventually under the simplified assumption that the support of the
functions wy and u is compact in space).

The simplest way is probably to make the following change of variables

v} = uj\/w;, v(z,t) = u(z, t)\/w(z) .

In view of the equation solved by v,
00 + adzv =0,

the symbol of the equation for v is
w(f) = —iab .

The symbol of the scheme for v} was already deduce in the previous question, and since

o=v [gAxe_%Ax +e @l _ 1} ,
a

we observe that o o
|0] = v [fo — —Az+ O(A:cz)} < CvAz?.,
a a

where C' > 0 depends only on a and o. Therefore, there exists a constant C' > 0 independent of v such that

T =

H(O)AL _ )\h(%@)’ _ ’e—ivé _ /\h(é)‘ _ ‘e—iué _ g ue_“" + ‘5@‘“’]
0

<C (V2§2 +v0? + VALL‘2) <C (Ax02 + At6? + Ax) At

< C (14 6%) (At + Az) At.

This proves that the scheme for vy is L?-stable hence convergent, which means that the scheme in uy is also
convergent in the weighted norm.



https://en.wikipedia.org/wiki/Godunov%27s_theorem
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