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Transport equation with variable coefficients

Solution

1 Transport equation with variable velocity

Take a function a € C1(R) such that there exists A, A1, Ay € [0,+00) with |a(z)| < A, |a/(z)] < A; and
la”(z)| < Ag for all 2 € R. The nonconservative transport equation is

Oz, t) + a(x) dyu(x,t) =0, V(z,t) € R x R, )
a(z,0) = up(x), Vo € R.
The conservative transport equation is
Opt(z,t) + Oz (a(x)u(z,t)) =0, V(x,t) € R x Rf, @)
(z,0) = up(z), vz € R.

We assume that uy € C?(R) with bounded derivatives. We introduce a discretization of the domain using a
regular mesh:
(xj,tn) = (JAz, nAt), Vj€Z, VneN,

where Az, respectively At, denotes the space step, respectively the time step.

We denote a; = a(x;), aj = max(a;,0), a; = max(—a;,0). Note the relation a; = aj —aj.
1.1 Scheme for equation (1)
The scheme is
uttt
j
Az A7 +a; (uf —ujyy) —aj_y(uj_y —uj)=0 (3)
1. Define the discrete iteration operator Jp at.
We define
a; At AAE
v = —4— v=
T Az Az
The scheme can be rewritten as
1 —
up ™t = — vy (] —ufyg) = v (ug 1*“?)7

:(1—1/]7—1/;_1)11 + vy uﬁl—&—

so the discrete iteration operator is

Jnat = (1 —v; —l/ 1)+ A,

where

- +
(Ahu)j =vjujt1 + v qujog.

2. Check that under a CFL condition, the scheme satisfies the discrete maximum principle and thus deduce
the L stability of the scheme.

Since

n+1 +
uim = (1 —vy =y )uf +vy “j+1+ uj_y,

the scheme is L°°-stable if and only if 1 — vy — 1/ 1 = 0 for all j € Z. This is in particular the case if
v<i
=3

3. We assume that the solution u of (1) satisfies & € C?(R x R;), where the absolute value of all first and
second order derivatives of @ are bounded by some value C5, and we consider the truncation error

~n+1 M = =N o n
urT =l ut — u" at o —u”
m o _ _J J -3 J+1 + -1 J
i Ry e S v
where u} = u(x;,t,). Prove that [T}'| < C3(At + Ax).
We have
antt — ut
a® —
ST = —0,(ajtn) + O(Ac)
@’ —an
S — 0,3(aj,tn) + O(Aa),
SO

T} = dyu(zy, tn) — [alz;)” — a(zj—1)t] Opti(wj, tn) + O(AL + Ax).

One can show that for all a,b € R,
=Bl < (a+b)" <a” +]b],
SO
[(a+b)" —at| <yl

Since
a(zj—1) = a(z;) + O(Az),

using this last inequality, one has
la(z;—1)t — a(z;)T| < O(Ax).

Therefore
T} = Oy, tn) + a(x;) 0z (x5, tn) + O(At + Az) = O(At + Ax),
since
a(z;)” — alz;—1)" = —alz;) + alz;) " —alz;—1)*

We have shown that |Tj"| < C5 (At + Az) where C5 depends on Co and A;.

4. Prove the convergence in L>®(R) for ug € W2>°(R).

We have stability and consistence in L°°, so by Lax theorem, the scheme is convergent in L>° for v < %
1.2 Scheme for equation (2)
The scheme is
uT,H_l —um”
] —
Aach + (a;ru;I ajujyy) — (a;r_lugil —a;_yui)=0. (4)

1. Define the discrete iteration operator Jp a:.

We have
u?“ (171/4' Vi uj + vy ul + v 1u3 i
SO
Jh,At = (1 — Vj+ — 1/;71) + Ay,
where

(Apu); = vj ujp +v; g1

2. Assume u > 0 for all j € Z. Find a CFL condition such that u} > 0 for all j € Z and all n € N.

Since the scheme is a convex combination when 1 — l/;r viq

v< %, so in this case the positivity of the initial data is preserved.

> 0. This is in particular the case when

3. Assume Z \u?| < 00. Under the same CFL condition, prove that Z |u?+1| < oo for all n € N.
JEL JEZ

Under the CFL condition v < %, one has

Z|u"+1\<21—1/ — v )|y |+ZV |u1+1|+z —y U

JEL JEZL JEZ JEZ
<Zl—z/ — v q)|uy |+Z 1|u"\+ZV+|u"|<Z|u”|
JEL JEL JEZ JEZ

which proves the claim.

4. Under the previous assumptions, prove that the scheme preserves the discrete mass, i.e for a given n € N,

Z Axu"+1 Z Azulf

JEZ JEZ

One has

Zu?H:Zl—V Viiy u +Zu u]H—i—Z

JEZ JEZ JEZ JEZ
_ T n — n aF
= E (1 v; ijl)u] + E vi_quj + g viu
JEZ JETZ JEL
_ n
= g uj .
JEZL

5. Study the L' stability of the scheme.

We have shown that [|Jnaellczry < 144w, so [|J7 allcwry < (1+40)" < en and the scheme is
L'-stable. Under the CFL condition v < % and for positive initial data, the L'-norm is preserved by
Jn,ats 50 || Jn,adllcry = 1.

6. Prove the convergence in L!(R) for compactly supported initial data.

The first step is to prove the consistency in L>°. One has

—n—+1 =M
Y T _ gz, te) + O(AD),
At 7
a;rﬂ? ay Uy, = jﬂ? a; (@} + Oxti(zj, tn) Az + O(Az?))

= a;u] — a; Opu(zj,tn) Az + O(Az?),
af (U} | —a;_ U = a}llﬂg‘_l —a;_, (uj_l + 0 u(zj, tn) Az + O(Az?))
(

= aj_1Uj_y — a;_,0;u(zj,tn) Az + O(Ax 3,

S0
T} = du(xj, tn) + 0z (a) (x5, tn) + [0, — aj | uta(x), tn) + O(At + Az)
= O(At+ Ax).
We have shown that [T]'| < C3(At+ Az) where C3 depends on Cz, A; = sup,|d(z)| and Ay =
sup,, |a”’ (z)|.

Since ug has compact support the exact solution @ has compact support in space, so

> |Tj|Az < R|T}| < RCs (At + Axz) |
J

where R is linked to the support of the solution at time ¢.

Finally, one has stability and consistency in L' so convergence in L' for v < %

2 Mixed cases

Mixed schemes are schemes which are stable in some norm (typically L?) but not in L*°.
The Crank-Nicholson (second order in time) discretization of the heat equation is

1 1 1
n+l _  n ntg n+3 n+z
uit Uy Uy —2uy C ntd 1o
= w; 2 =—=(ul+ul")
At Ax? ’ J 24 J

1. Show it is unconditionally stable in L2.

Defining v = AA—t

7z, one has

’_' w\»-A

J j+1

nt2 n+
u”“zun—&—l/(u- 2 —2u 2+uj

)

=uj +2( - 2ul Ul )Jr (n+172un+1+un+1)7

Ujt1 J j—1
so the scheme can be rewritten as

Urtt =0U" + AU"+ AU"+1

where U™ € R% and M € RZXZ are given by

2 1 0 0
s
n —
ur=| " |, A= diag(1,-2,1) = =2 0
“ 0 1

The symbol of A is _ _
AB) =a+bel’ +b71% = —2 4 2cos6,
so the spectrum satisfy o(A4) C [—4, 0].

The scheme can also be written as

(1 — gA) Ul — (1 n gA) U

and since (1 — %A) is invertible

Ul — JU™,  where J = (1 — gA)_1 (1 + %A) .

The symbol of J is therefore

1+ ZA(0)

1—-¥X0)’
so is bounded by one and p(J) = 1. This proves that the scheme is L2-stable for any value of v. We
remark this is the case as soon as o(A) C (—o0, 0].

2. Show it is conditionally unitary stable in L.
One has

n n v n
(1+1/) = =1-v)u} +2uj+1+2u] 1—1-2 ]j_rll §ujir11,

so for 0 < v <1,

(1+V)Sup|un+1\ <(1—V)Sup|u |+ 5 Supluj+1|+ Supluj 1+ 35 SupluyiflJr Sup\u] 1]

2

< sup |u}| + I/Sllp \u"+1|
J

and

sup | < sup .
J

We note that it is possible to prove that

1, 0
3_

A\
T
[SJ[eY

| Jn,atllc(ney = {

v

§
\/1+2V v 2°

See for example Faragoa & Palenciab, Sharpening the estimate of the stability constant in the mazimum-norm
of the Crank—Nicolson scheme for the one-dimensional heat equation, Applied Numerical Mathematics, 2002.

3 Transport on nonuniform meshes

Consider a nonuniform mesh with mesh sizes 0 < ah < Az; < h. The Finite Volume scheme for advection
a > 0 writes

umt —yn
A@%—Fmﬁ—au;ﬂl:& jeZ, nEN
. unttl g7 ,
1. Write the scheme under the form —2——" = Apuj.
One has o
n n n _ M
j Y e
At AJL‘j ’
SO -
n n
uh _uh — A um
At hUmo
where

2. Study the stability in L> of the iteration operator J, a¢ = Iy, + AtA,.

: __ aAt
Denoting v; = Az, One has
ntl _ n alAt alAt n "
u’ +—ul - —u =1 —v;)ul +vu]
J Uj J—1 T 777 J¥j—=1>
Ag; ’ Az

so the scheme is L°°-stable if and only if 1 — v; > 0 for all j € Z. This is in particular the case if
1-95L >0, e 25 <1

3. For z; = 5(2; 11t ) the middle of cell number j, define the interpolation of the exact solution as
v = (u(a:], tn)) ez Show this approach does not yield consistency.

We have
Tl —yn
Jth = atu(tTij) + O(At) )
v — vy NE -1
R ol et el 3 A

AIJ‘ AIJ‘ 1

so the scheme is consistent if and only if z; — x;_1 = Az;. Since z; — z;_1 = + =3, this last
condition is equivalent to Az; = Az;_1, i.e. Az; = h for all j € Z. The conclusion is that this scheme
is consistent if and only if the grid is uniform.

4. Define another interpolation of the exact solution w; = (u(ac s tn)) . Show consistency and conver-
) JEL

gence.
Since
wﬂ"l‘l _ n
JTtJ = Ouu(tn, z;41) + O(AL),
w?—u)?_l u(tn,xj+é) (tn,xj 7) 5 xj+% 7$j—%
= = Oy tr“ iy L O A )
A.’ﬂj A:I,'j UI( x]+2) Al’j u ( -'E)

and z;, 1 —x;_1 = Axz;, this proves the consistency of this interpolation. Since one has consistency and
2 2

J
stability in L*°, this scheme is convergent under the condition Z—At <1

1

5. Show stability in all [? equipped with the norm ||v||, = (Z] Aacj|vj\p) !

Since
u"tt = (1 -

n n
; vi)uy +viui_q,

if 0 <v; <1 one has
P < (A=) P+ vyl P

by convexity. Therefore

1B =D Ayluf P < Z (Azj — alt) [ug " + ZCLAIUJ 1P = ZA%IU P = lluzllp -

J

4 Compactness techniques

Compactness techniques, when applied to numerical analysis, often provide a different strategy to prove con-
vergence, however without an explicit calculation of the rate of convergence. It can be generalized to nonlinear
equations and numerical schemes as well (a main asset, but not detailed in this course). Usually the proof has
three steps: (a) an estimate of the discrete derivative; (b) a compactness result; (c¢) convergence to a solution.

Here we focus on BV (Bounded Variation) techniques. The characterization of the BV norm that we consider
is
BV(RY) = uec LL (R, |ulpy := sup —/ u(z)V - p(x)dr < ooy,
PEW, 7O (RY)  JRY
where 4
is the space of compactly supported vector fields in W1>°(R¢) bounded by one.

One has the Helly’s selection theorem: if (u,), is a bounded sequence in L'(R) N BV (R), then there exists
u € L'(R) N BV (R) such that, up to the extraction of a subsequence, lim,, oo |1, — ullpy m = 0.

In the context of numerical methods, see Godlewski-Raviart, Hyperbolic systems of conservations laws, Ellipse,
1991, page 53.

As similar compactness result holds for functions in L*(£2) N BV (£2) provided Q C R¢ is bounded with Lipschitz
boundary (Giusti, Minimal surfaces and functions with bounded variations, 1984).

(0) Properties of BV (R)

1. For u € WH(R), show that |u|py ) = ||| L1 (®)-

Since u € WH1(R), we can integrate by parts

- / w(@)e! (@)de = / o (@)p(@)de < o'l o el < 141w,

so [ulpym) < ||v| 1 (r). Taking ¢ as a mollification of sign(u’), we can saturate the inequality, hence
lulv@®) = llvl|Lr ®)-

2. Let u(x) =1 for =1 <z <1 and u(x) = 0 otherwise. Show that |u|gy(®) = 2.
We have

+1
- [ @ @is == [ )z = —p1) + o(-D <2
R

-1

Taking ¢ as a smooth function such that ¢(1) = —1 and ¢(—1) = 1, we obtain |u|py (&) = 2.

3. Let up, = (u;)jez € L'(R) be a numerical profile, that is

L,

1
up(z) = u; for(j—i)h<x<(j+2

Show that |U‘BV(R) = ZjEZ "U,j — Uj_1|.

In the same spirit as before
(I+3)h
— / u(z)' (x)dz = — Zuj/ x)dz
R jez (G—3)h
== u; (p((G + D) — (i — H)
JEZL
=>_ (= u1) 9((G = 5)h)
JEZ
< Z |uj — ;1]
JEZ
and by a good choice of ¢ the inequality is saturated.

(a) Discrete estimates Now we apply this material to the numerical scheme.

1. Take the scheme (3). Show that, under CFL, it can be recast under the Harten form

wt = (1-C; — Dj)ujf + Cyuf_, + Djuf,,

Wlth 0 S Cj,Dj and Cj —|—D] S 1.

The scheme is defined by
n+l _ = n__,n + n o\ = AR
Wit =y — vy (uf = i) v (Wi - ef) = (L—vp —vy) uf +vp i v,
At
where v; = %4=". Therefore if v = AAt < 1, we have vy + z/ <L
’I’LJrl ’I’LJrl n__.n
2. Show that, under CFL, >_, |uj 1< djez ‘uj u? .
First, we arrange the terms,
n+l + _ AR n -, n I n
u’ =(1-v; —vf ) u} fyyufy, +yiul
_ —yT . —yt w @ w
(1 Viig 1/].72) Uj_y =V Uy — Vj_oUj_o
n + n n
v (UJ-H u]) + ) (u]—l — U ) + (1 =Y V]—l) (uj = U 1)
Therefore, for v < %,
n+l n+1 n n — YT no_,n
DLy <D v fup =+ Do vy iy — |+ (L= vy — v [uf — iy
JEL JEL JEZ JEZ
= |y n ot n_n
g ) R S e T R S (R A Il Y Y
JEL jez JEZ
n n
< |uf — ]
JEL

3. Show that, under CFL, a 2D discrete BV inequality holds

(il e

0<n<T/At \J€EZ JEZ

n+l _

A AzAt < Clulpy )- (5)

Using the definition of the scheme, we directly get

ZAx|u;'L+l "}<ZA$ |uJ+1 J|+ZAQIj 1‘“ —uj_ 1|

JEZ JEZ JEZ

<28zv ) |uf —ufy| < 24At)  |uf —ul,|.

JEZ JET

Z |U;L *“;'l—l| = Z |u? - U?—1| = |ug| BV (r)

jez jEZ

By the previous step,

hence, we obtain

Z ZAt|u§l fu?_1| +ZAz|u§L+l fuﬂ Z (24 + 1) At|uo| v (w)

0<n<T/At \jeZ jez 0<n<T/At
< (24 + )T |uo|Bv(w)

IN

4. Defining up(t, x) = u} for (z,t) € QF, where
QF = {(z,t) | (j —1/2)h <z < (j +1/2)h} and nAt <t < (n+ 1)At,

the left hand side of (5) is equivalent to |ux|pv ([0,rxRr), 50 We have |ux|pv (o, 1)xr) < Clu|pv (w)

(b) Compactness result By compactness, there exists a subsequence converging to u in L
h = Ax — 0 with At fixed such that the CFL is satisfied.

Note that slightly different but perhaps more intuitive compactness result can be used: Leveque, Numerical
Methods for Conservation Laws, 1990, page 162.

([0,T] x R) for

loc

(c) Convergence to a solution The aim is now to prove that u is a solution of the original equation. To
simplify the notations, we consider that a(z) = a > 0 is a constant.

1. Show the following identity for all » € CZ([0,00) x R):

u" —u? a(u? —u
> me<ﬂ i D s t) = 0.

0<n<T/At jEL

By definition of the scheme,
o a(w —w )

At Ax

so there is nothing to do.

2. Recast as

I T e R e

1<n<T/At jEZ JEZ

+ Y Y Avaw <@(<P($jatn);xsﬁ($j+1»tn))) —0

0<n<T/At jEZ

The idea is to have uj evaluated at the same points,
> (W —uh) 9w tn) = D uf (o(@g,tn) = @(@j41,1))
JEL JEZ

and

S @ —w)ent) = Yl (0@ tant) — 0(@5, b)) — (e, 0),

0<n<T/At 1<n<T/At

so we obtain the claimed formula.

3. Show that each part admits a limit (up to subsequence extraction), and that the limit satisfies

T
7/ / u(x,t) (Orp(x,t) + adyp(x,t)) dedt — / uo(z)p(z,0)dz =0 (6)
0o Jr

R

for all ¢ € C}([0,00) x R).

The equality found at previous step can be written as

/;/Ruh(x,t) (w(xj’tnl)m_ Aty )>d$dt—AU0(fj)¢($ja0)dx
+/0T/Ruh($,t) <a(90(%'7t )Af(%ﬂ, ))>dwdt0 )

where z; and ¢, are now interpreted as step functions on 2. We have

L,O(xj, tnfl) — (p(xjv tn)
At

90($j5 t’n) - (,0(55_7'4_1, tn)
Ax

— —0p(z,t) in L=°([0,T] x R),

— —0zp(z, 1) in L=([0,T] x R),

as h — 0. In general v, — v in L1 (Q) and w, — w in L (), we have

/vnwn%/vw,

Q Q
/vnwn—/vw‘g /vn(wn—w)‘—i— /(vn—’u)w‘
Q Q Q Q

<Hnllpy @) lwn —wllp_ o) + llon = vl @) lwnll, @) -

since

Therefore, we can pass to the limit in (7) to get

_/0 /Ru(x,t) (Orp(x,t) + adpo(x,t)) dedt — / uo(z)p(z,0)dz =0,

R

for any ¢ € C§([0,00) x R).

4. Assume some extra regularity, for example u € C*([0,7] x R). Show that u is the unique solution to
Oy + adyu = 0 plus initial condition.

If u € C1([0,T] x R), then we can integrate by parts,

/ / (z,t)0¢p(x, t)dzdt = / /8tuact xt)—i—/ u(z,0)p(x,0)dz,
// (x,t)0pp(z, t)dzdt = //auxt (z,1),

i
/ / (Oru(z,t) + adyu(z, t)) o(x, t)dxdt + / (u(z,0) — up(x)) de.
o Jr

R

and therefore

Since this is valid for any ¢ € C}([0,00) x R), u has to solve

Ou(z,t) + adyu(z,t) =0, u(x,0) = ug(x).

5. Assume much less regularity v € L, ([0, T] x R). Show that (6) yields that u(x,t) = uo(z —at) for almost
all (z,t).

We make the change of variable z =  — at, and define

P(z,t) = ¢(z +at, t),

Since 0gtp = Oy + a0y p, we have

T T
/ / u(z,t) (Opp(z,t) + adypp(z, t)) dedt = / / u(z + at, t) (0p)(z,t)) dzdt.
o Jr 0o Jr

/Ruo(x)go(a?,O)dx:/Ruo(x)w(x,())dx: —/OOO/RuO(z)atw(z,t)dzdt,

the weak formulation (6) is equivalent to

Since

/ / (u(z + at, t) — ug(2)) (Os0(2,t)) dzdt = 0.
o Jr

Therefore u(z + at,t) = ug(2) i.e. u(x,t) = uo(x — at).




