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I. THE GAUSSIAN WAVE PACKET

Consider an initial gaussian wave packet
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The equation of motion is given by the Schrédinger equation of a free particle
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(a) Find the Fourier transform (0, z) of ¢(0,p), at t = 0.
(b) For t = 0, show that AxAp = h/2.
(c) Show that the spatial width of the wave packet at time ¢ is given by
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[Hint: to calculate some integrals in this exercise, it could sometimes be useful to try to ma-

nipulate the standard Gaussian integral, f_t;o e~y = V/E. For example, f_t;o e’ dy =
g [t efamzdx — o) T o1 T ]
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(a) For ¢t = 0, by performing the Fourier transform of ¢(p) we get
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and, if we perform the change of variable p = p — pg, we obtain
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Completing the square in the exponent inside the integral in order to have the standard Gaussian

integral, we get
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which gives, if we perform another change of variable p = p — io?ha,
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and finally

(b) We obtain
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which, after the change of variable p = p — pg, becomes
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and
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By performing the change of variables p = p —pg, the last integral becomes a sum of three integrals

and, after some calculations, we get
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Therefore,

and finally
Al‘oAp[) = h/2,

that is, the Heisenberg inequality is saturated in the case of a Gaussian wave packet.
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(c) At time ¢, the wave function ¢ (z,t) is the Fourier transform of e ©(p), which is still
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an exponential function of a second order polynomial in the varianle p (with complex coefficients).
The general results concerning the Fourier transform of Gaussian functions apply and one obtains,

after a long calculation,

(Az(t))? = 1< L t202h2>.
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where

We recover in this particular case the general results of Chapter 2 of the book: propagation of the
centre of the wave packet at a velocity (p)o/m and quadratic variation with time of the variance

of the wave packet.

II. PHYSICAL MEASUREMENTS

(a) Consider the observable A of a physical quantity A, and its normalized (and orthogonal) eigen-
functions v, (r) associated to the eigenvalues a,, (n = 1,2). Calculate the variance (AA)? =
(A?%) — (A)? when the wave function of the system is: (i) 11 (r) (i) ¥(r) = c191(r) +c2e*®ho(r) |
where ¢1, co and ¢ are real constants, and ¢ (r) is normalized. [Hint: two eigenfunctions v, (r)
and ¥y, (r) are orthogonal when [ 47 (r)4),, (r)d3r = 6y m.]

(b) Consider a particle in a one-dimensional system. At the time ¢t = 0, the state of the system
is described by the wave function (z,0), and one measures the position z of the particle
immediately after ¢ = 0. This process is repeated 10 times, and one finds the following results
(in nm) : 550, 478, 539, 498, 541, 497, 455, 496, 500, 479.

(i) Calculate the expectation value (x) and the variance (Az)? of the position. Since the

probability law |1 (z,0)|? is unknown, we will use the following formulas:

1 & ) 1 & )
<w>=N;wi , (Ax) =N_1;(fvi—<w>) (1)

(ii) One repeats the experiment, but immediately after every measurement of the position,
one performs a new measurement of the position. What are the results for the expectation

value and the variance after this series of measurements?
(a) For a system whose wave function is 9 (r),
W= [emivwer @)= [

For (i), Ayi(r) = aii(r) , A%1(r) = a¢(r). Therefore AA2 = 0. When the system is in

an eigenfunction 1, of A, a measurement of A will always yield the value a,, then the deviation
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AA of the results is zero. For (i), AY(r) = cra11(r) + cae’®agihs(r) since A is linear, and
A% (r) = 10241 (r) + cae®adiby(r). One then has:
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Analogously, (4%) = c3a? + c3a3 . Hence,

AA% = 3a? + a3 — (Bay + cBan)?
= ciaf(1—cf) + c3a3(1 - 3) — 2cic3araz
= cici(a1 — az)”

where one has used the fact that ¢ is normalized: ¢? + c3 = 1.

(b) For (i), one finds (x) ~ 503.3 nm and Az ~ 30.9 nm. For (ii), if one performs a second
measurement of the position immediately after the first one (before the wave function has the time
of evolving), one necessarily finds the same result of the first measurement. The mean value and

the variance are unchanged.

III. PARTICLE IN A ONE-DIMENSIONAL POTENTIAL

A particle of mass m moves in one dimension under the influence of a potential V(x). Suppose it
is in an energy eigenstate 1(z) = (y2/m)/4e=7***/2 with energy E = h%y2/(2m).

(a) Find the mean position of the particle, (z).

(b) Find the mean momentum of the particle, (p).

(c) Find V(x) by using the time-independent Schroedinger equation.

(

a) The mean position of the particle is

+oo
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(b) The mean momentum is
+oo
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(c) The time-independent Schroedinger equation
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can be written as
h? d?
(@) = [B - V(@)().
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