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I. RADIAL POTENTIALS

Consider a particle in three dimensions in a radial potential V' (r),
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where p = —iAV is the momentum operator and L=xA p is the angular momentum operator.

A. Radial equation

1. Since the potential is radial the Hamiltonian commutes with the angular momentum, and
therefore we can take a basis of eigenvectors of H, L? and L.,

Yem(x) = Re(r)Yem (0, 9)
where the spherical harmonics Yy, are the eigenfunctions of the angular momentum
L2V = W20 (0 +1) Y, L.Yym = hmYpm.
By acting with the Hamiltonian on this ansatz, we find

. h? 1 02 R20(0+1)
H =—-——=—-—= _ Y,
¢47m < it (97"2r + 2/”“2 + V(r)) Ry m

and therefore the Schrodinger equation H Yom = Ey,, implies that the radial wave function

satisfies

K210 R0+ 1)
<_2/,L7’a7’274+2lu,’[‘2+v(r)> RE—ERK.

2. The change of variable u,(r) = rRy(r), transforms the previous equation into

B2 92 RA(0+1)
<_2M8T2 + W + V(T)) Uy = EU@.

3. (*) By plugging Ry(r) = r* in the radial equation we find

(_h23<s T1) R0+ 1)

2pur? 2pur? V) - E) ro
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Therefore by assuming that the potential is bounded by 1/r near r ~ 0, the dominant terms
are the first two, so we obtain the relation

s(s+1)=0((+1),
which has two solutions
s=1/, s=—0—1.

Consequently the second order differential equation for R, admits two independent solutions:
Ry(r) = rf and Ry(r) =~ r~*=1. For £ > 1, the second solution in not square-integrable and
therefore, not admissible. For ¢ = 0, the second solution is like 1/r, but since A(1/r) =
—4md(r), 10,0 is not an eigenvector of the Hamiltonian. Therefore, the only physical solution
is uy(r) ~ r1 which can be distinguished from the second one by adding to the radial
differential equation the boundary condition u,(0) = 0.

B. Hydrogen atom and harmonic oscillator

. The equation for the hydrogen atom is

0% ((l+1) 2uZe*l1  2uE
<ar2‘ R A hQ)W_O’

and the one for the harmonic oscillator is

9% Ll +1 2w? 2uE
( (+ )—MwTQ—I— ZQ>W:0.

or? r2 h2

. By using the change of variable uy(r) = sPvy(s), with s = r9, we have

grun(r) = G2 (Pur9) = a0 (557 ls) 4 puas) )

and

82 2

_ 0 0
ww(r) = gsP 2/q <q82652W(8) +q(2pg+q—1) s%w(s) +p(pg—1) vg(s)> .

Since no first derivatives are contained in both equations, we have to set 2pqg + g — 1 = 0,
i.e. 1/¢ =1+ 2p. That way the equation for the hydrogen atom becomes

0? 2uze? 2uE
<q284p832 +pq(pg — 1) 82/q—€(€+1)32/q+gsl/q+;;2> v =0,

or equivalently

0> L+1)(1+2p)+pp+1) | 2pZe* 4, |  2uE 2 4
g B (14 2p)? s | v =0.
<552 52 n2q2 § + h2q2( +2p)" s | v

By choosing p = 1/2, i.e. ¢ = 1/2, this equation becomes
9> AM(l+1)+3/4 8SuE 8uZe?
( ERESTON. T L)

9s2 52 2 h2

which is similar to the equation for the harmonic oscillator.
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3. The correspondence between the parameters of the two problems is given by

1
lharm. = 20coul. + 5 » Eharm. = 4Z€2 5 ,UWQ = —8Fcoul. ,

and therefore the roles of the coupling constants and of the energy eigenvalues are inter-
changed. It is important to notice that this correspondence is not totally exact from a
physical point of view since both physical problems have integers ¢, but the relation between
lharm. and .oy does not implies that. In fact this peculiar relation between the Coulomb
potential and the harmonic potential comes from the fact that there are the only two radial
potentials which have an “hidden symmetry” called a dynamical symmetry. In addition to
angular momentum, a second independent quantity is conserved for these two potentials:
the Lenz vector. Intuitively this symmetry is related to the fact that in classical mechanics
orbits are closed with the two potentials in consideration.

II. SYMMETRIES AND CONSERVED QUANTITIES

In quantum mechanics a symmetry is represented by a one-parameter unitary group, i.e. a family
of unitary operator (UO‘)QER such that

Oulls = Unss
The one-parameter unitary group act on states as
[1) = Ualt)
Since only brackets have physical meaning, we have
(61A1Y) = (Uad|AlUa) = (9|ULATalt),
and therefore, the action of the group can also be viewed as the transformation of observables,
A 01 AT, .

A one-parameter unitary group (Ua)a
invariant, 4.e.

cR 18 called as symmetry of the system if the Hamiltonian is

= OO,
1. The action of the symmetry on the scalar product is given by

<¢"¢> = <Ua¢‘0aw> = <¢W£Ua\¢>,

which shows that the requirement of U, to be unitary correspond to the conservation of the
scalar product.

2. By multiplying the definition of a symmetry by U, we obtain
U.H=U,UlHU, = HU,,
which proves that U, is a symmetry if and only if

[Ua, H] = 0.
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3. The action of the one-parameter group on the Schrédinger equation is given by
0 - 0 ~\ A O i
i — H = (i — H ) Uu|y) = U, (i, — ULHT,
(tgy ) 1) = (i — 1) Oulo) = O (g — 010, ) 1)
and so the Schrodinger equation is invariant if and only if UlHU, = H ,de if Uy is a
Symmetry.
4. By the Stone’s theorem, every one-parameter unitary group can be written as
U’a _ efiaQ/h’
where Q is an hermitian operator, which is called the generator of the symmetry. By taking
the derivative with respect to «, and evaluating at a = 0, we directly find that

d - A A N A

ih—U, = QU,, Up=1.
da

In particular the generator of the symmetry is given by
Q=ih —U,
dov “ a=0
5. If U, is a symmetry, then
QA =i 5-0a| A) =ih =[O0 H]| =0,
do a=0 da a=0

and reciprocally if [Q, H ] = 0, then
[, H] = [e79/" H] = 0.
In partigular there exists a basis of the Hilbert space formed from eigenvectors common to
H and Q.
6. By using Ehrenfest theorem, we obtain that <Q> is a conserved quantity,

S(@ =4 (10.m) =0,

This result is the quantum analog of the Noether’s theorem which relates symmetries to
conserved quantities.

A. Translation invariance

The translation operator is defined as
Tolp(2)) = [ (z — a)) .

1. The set (Ta)a is a one-parameter group because

€R
ToTpl(x)) = Taltp(x — B)) = [(x — B — @) = Taypltb(x)) .
Since
(d(x)|e(2) = (p(z — )Y (z — ) = (Tad(x)|Taty(2)) = (p(2)|TITu ¢ (x))

A~

we obtain that TCTMTQ = [. Since Aa_l = T,a this prove that Ta is surjective, so Ty, Aot =1
and therefore T, is unitary.



2. By writing the exponential as a series, and using the Taylor expansion, we obtain

TP () = e () = Y (—ada)" [Y(w)) = [(x — a)) = Tult(x))
n=0
where P = —ihd, is the momentum operator.

3. By Ehrenfest theorem, if the Hamiltonian is invariant under translation, then the momentum

<P > is conserved.

4. By considering a particle in a periodic potential V (z+a) = V (z) of period a, the Hamiltonian
is invariant under T,. Since T, is unitary, the eigenvalue A corresponding to an eigenvector
|4()) of T, is normalized, so we choose A = e~*¢ with k € R. Therefore,

[U(z —a)) = Tale(2)) = Al (2)) = e *Jgp(2)) ,

and the wavefunction |¢(z)) is not a-periodic, but can be written as

V(@) = e u(z)

where u is periodic of period a. This is the Bloch theorem. Then the Schrodinger equation
becomes

(~a0 + V@) = ) e} = &4 (— 1o @+ 7+ Vi)~ B) (o).

" om 2m

and can be solved with a Fourier series, because u(z) is periodic.

B. Time invariance

The time-translation operator or evolution operator is given by
Ualtp(t)) = [(t + a)) .

1. By using the Schrédinger equation, we have

o0

e MMy (1)) = 2P |p(t)) = Y (ad)" [ (t)) = [(t + a)) .

n=0

2. By defining the Hamiltonain as the generator of the time-invariance unitary group, by Stone’s
theorem we have that H is an hermitian operator and that

U. — efiaI:I/h
o= .
We already prove that

d - ~ A ~ “
ih—U, =HU,,Uy=1,
do

which is equivalent to the Schrodinger equation.
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C. (*) Rotation invariance

In two dimensions x = (x,¥), the operator associated to a rotation of angle « is given by

Raltp(x)) = [(Rax)) ,

where R, is the following rotation matrix
R, — <Cf)SO[ — sin a) '
sina cosa
1. The generator of the rotation symmetry is defined by

~ d -
L, =1ih —R,,
! do

a=0

First of all we define the infinitesimal rotation generator,

_ d [ cosa sina (0 1
oo da \—sina cosa )| - \~-10/"

So by acting on a state and using the chain rule we obtain

d
Az = 7Ra
da

Eopo00) = ih g Raluoa)| = ih o pu(Ra0)|
_ih %Rax L VIG0) = b (4x) - V()

=0
= — (A:x) - PlY(x)) = (¥hy — Ypa) [(x)) -

This proves that the generator of the rotation symmetry in the angular momentum

Lz - xﬁy - yﬁx .
2. In three dimensions the rotation of angle o around the axis n, is generated by the angular

momentum L along n, i.e. n- L,

R, — e—ian.t/h,
n,oe — .

)

Therefore, an Hamiltonian which is invariant under the rotation along n induces the con-
served quantity <n . L>.
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