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Exercises starting with (*) are optional.

I. (*) FUNCTIONAL CALCULUS AND GENERALIZED COMMUTATORS

Consider an analytic function F': C — C so that
(e e]
n=0
The function F(A) of an operator A is then defined as
[e.e]
F(A) =) f.A".
n=0

1. Let |[¢)) be an eigenvector of A with eigenvalue a. Prove that |¢)) is an eigenvector of F(A)
with eigenvalue F'(a).

2. If [B, A} = 0, we directly obtain that [E, F(A)] = 0. Prove by induction that if [B, fl] #0,
i , A] = 0 then

but [[B, A]
and deduce the relation

A~ ~

3. Since [X
[P, V(X)].

] = 1ih, deduce the explicit expression of the commutators [X' ,T(P)] and

II. EHRENFEST THEOREM AND HAMILTON’S EQUATIONS

In this exercise we consider a particle in three dimensions in a potential V', and the aim is to link
and see the differences between classical and quantum mechanics. The classical Hamiltonian is

p?
H:%+V(Q),

where p = (p1,p2,p3) and q = (q1, g2, q3) are the generalized coordinates. The quantum Hamilto-
nian is

. p?

H=—+V(q

where p = (p1, p2, p3) and q = (41, G2, G3) are the momentum and position operators.
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A. Poisson brackets and commutators
The Poisson bracket of two classical observables is defined as

3
0AO0B 0AOB
4.5} = Z (%api  Opi 5%‘) ’

i=1

and the commutator between two quantum observables by
{A,B} — AB - BA.
1. Prove that the classical observables satisfy
{¢i,q;} =0, {pi,p;} =0, {gi,pj} = bij -

2. By using the representation where

. . ., 0
gib(a) = giv(a), pib(a) = —lﬁaqu(q) ;
(]
show that
B. Ehrenfest theorem
1. By using Hamilton’s equations
. OH . _H’H
Q’L_api7 pi = dg;
show that the evolution of a classical observable A = F(q, p,t) is given by
dA 0A
— = — A .
a o T {47}

2. For an quantum observable A evolving under the action of the Hamiltonian H , prove that
d, . DA 1 /s
Siay= (42 7< A > .
@ = (50 (1a
C. Hamilton’s equations

1. Deduce the quantum evolution equation of (q) and (p) and compare to the corresponding
Hamilton’s equations.

[Hmt: Use the following relation derived in the first exercise
[b. V()] = —ihVV(Q).

)

2. If the potential V is quadratic, prove that the quantum-classical correspondence

(@ < aq, (p) < p,

provides an exact analogy. Understand why this is not true for a generic potential.
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III. EVOLUTION OPERATOR

The time-evolution of a quantum state |1)(t)) € £ where £ is an Hilbert space is given by the
Schrédinger equation

o d 3
ih10(®) = HOR(1)) ,

where H(t) = H(t)! is the Hamiltonian of the system.

1. Show that the operator U(t) : £ — £ defined as U(t)]1(0)) = |1(t)) is linear. The operator

A~

U(t) defined that way is called the evolution operator.

. Check that the evolution operator satisfies the following differential equation

d o . A
ih=U(t) = HOU (1), U(0) = 1.

This equation also defines the evolution operator uniquely.

. (¥) Prove that the evolution operator U (t) is unitary.

{Hmt: Prove that

]

. In particular, if the Hamiltonian is time-independent, show that the evolution operator is
explicitly given by

O(t) = e /0,

. (*) Can you explain, why if H (t) is time-dependent, the evolution operator is not given by

exp{;/otﬁ(s)ds} ,

as for an ordinary differential equation?
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