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I. FERMI’S GOLDEN RULE

Consider a system described by a time-independent Hamiltonian Ĥ0, and let the system be in a

particular state |Ei〉 , which is an eigenstate of the Hamiltonian, Ĥ0 |Ei〉 = Ei |Ei〉 , where Ei is

the energy of the state.

At time t = 0 a small time-dependent perturbation of the form

Ŵ (t) = V̂ e−iωt (1)

is switched on for a period of time T , then it is switched off. We ask ourselves: What is the average

probability per unit of time of the transition from |Ei〉 to some other state |Ef 〉? In other words,

what is the transition rate between the states?

The amplitude of the transition between the initial and final states, |Ei〉 and |Ef 〉 , respectively,

is defined according to the postulates of quantum mechanics as

Afi(t) = 〈Ef (T )|Ei(t = 0)〉 =
〈
Ef

∣∣∣Û †(T )
∣∣∣Ei〉 ,

where Û(t) is the evolution operator introduced in previous sheets. Note that in writing the last

two expressions we switched from states in the Schrödinger picture to those in the Heisenberg

picture.

The quantity that we want to evaluate is

wfi =
1

T
Pfi(T ) =

1

T
|Afi(T )|2 . (2)

To find the evolution operator we resort to the interaction picture introduced in the previous

problem sheet. Recall that the evolution operator in the interaction picture satisfies the integral

equation,

ÛI(t) = Î − i

~

∫ t

0
dt′ŴI(t

′)ÛI(t
′).

When Ŵ (t) is a small perturbation, one can solve the equation by iterations,

Û
(0)
I (t) =Î ,

Û
(1)
I (t) =Î − i

~

∫ t

0
dt′ŴI(t

′)Û
(0)
I (t′),

Û
(2)
I (t) =etc...
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1. Show that the transition amplitude for states with different energies Ef 6= Ei can be written

to first order as

A
(1)
fi (t) = − i

~
e−

i
~Ef t

∫ t

0
dt′e

i
h
(Ef−Ei)t

′
〈
Ef

∣∣∣Ŵ (t′)
∣∣∣Ei〉 .

[
Hint: Do not forget to transform back from the interaction to the Schrödinger picture.

]
2. It is convenient to introduce the transition frequency ωfi := (Ef − Ei)/~. Use the obtained

amplitude and Eq. (2) to demonstrate that for a perturbation given by Eq. (1) acting during

the period of time T (starting from t = 0), the transition rate reads as follows:

wfi =
1

T

1

~2
∣∣∣〈Ef ∣∣∣V̂ ∣∣∣Ei〉∣∣∣2(∫ T

0
dt′ cos(ωfi − ω)t′

)2

.

3. (*) Evaluate the integral and prove that

1

T

(∫ T

0
dt′ cos(ωfi − ω)t′

)2

→ πδ(ωfi − ω), as T →∞.

[
Hint: You will have to use the following improper integral:

∫ ∞
∞

dx
sin2 x

x2
= π

]
The resulting expression for the transition rate,

wfi(ω) =
π

~2
∣∣∣〈Ef ∣∣∣V̂ ∣∣∣Ei〉∣∣∣2 δ(ωfi − ω) ≡ π

~

∣∣∣〈Ef ∣∣∣V̂ ∣∣∣Ei〉∣∣∣2 δ(Ef − Ei − ~ω),

is a version of a formula known as ”the Fermi’s golden rule” which was first derived by P. Dirac

and later referred to as the ”Golden Rule N. 2” by E. Fermi.

II. NEUTRINO OSCILLATIONS

Neutrinos are very light particle that have three flavors: electron νe, muon νµ, tau ντ . Consider

for simplicity only two flavors, νe and νµ. In numerous experiments it has been established that

states with a definite flavor do not coincide with states with a definite mass mi. This implies that

the states are related to each other by a unitary matrix U which can be written as follows,(
|νe〉
|νµ〉

)
= U

(
|ν1〉
|ν2〉

)
=

(
cos θ sin θ

− sin θ cos θ

)(
|ν1〉
|ν2〉

)
,

where |νe〉 , |νµ〉 are flavor states, |ν1〉 , |ν2〉 mass states.
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In vacuum the propagation of particles is described by a free Hamiltonian, which amounts to simple

evolution of mass eigenstates,

|νi(t)〉 = e−
i
~ (Eit−pix) |νi(t = 0)〉 ,

where the relativistic energy is Ei =
√
p2i c

2 +m2
i c

4 and mi is the mass of the eigenstate.

This evolution equation can be written in terms of (time-dependent) phases φi = (Eit− pix)/~,(
|ν1(t)〉
|ν2(t)〉

)
=

(
e−iφ1 0

0 e−iφ2

)(
|ν1(0)〉
|ν2(0)〉

)
.

1. Neutrinos are always produced in a state with a definite flavor. Consder an electron neutrino

νe produced at t = 0. Find the equation for the evolution of the flavor states |νe(t)〉 , |νµ(t)〉 .[
Hint: Find the mass states at t = 0, evolve them and transform back to flavor states.

]
2. Evaluate the probability of finding a neutrino in a state |νµ(t)〉 , i.e. P (νe → νµ)(t) =

| 〈νµ(t)|νe(t = 0)〉 |2.

3. Assume the the neutrino has traveled a distance L from the place where it was produced to

the detector. The probability of a neutrino transmuting from νe to flavor νµ can be written

as

P (νe → νµ) = sin2(2θ) sin2

(
φ2 − φ1

2

)
,

where the phase difference depends on the travel time and hence on L.

Since neutrinos are very light particles they can practically always be treated in the ultrarela-

tivistic limit mc2 � pc. Expressing the momentum in terms of the energy pic =
√
Ei −m2

i c
4

and expanding to first order in m2
i /Ei evaluate the phase difference ∆φ21 = φ2 − φ1 and

express it in terms of the distance L. Also, assume in calculations that the energies of dif-

ferent mass states are equal, E1 = E1 = E (this assumption can be relaxed but makes the

calculations much more messy).[
Hint: The velocity of neutrinos is practically indistinguishable from the light-speed c.

]
4. If one puts all the units together and assumes GeV as units of energy E, kilometers as units

of distance L, and eV as units of neutrino mass, then one obtains the following formula for

the oscillation probability

P (νe → νµ) = sin2(2θ) sin2

(
1.27∆m2

21

L

E

)
,

where ∆m2
21 = m2

2 −m2
1.

Take sin2(2θ) = 0.8, E = 1 GeV, ∆m2
21 = 3 × 10−3 (eV)2, L = 400 km, and estimate what

fraction of νe-neutrinos with this energy reaches the detector.
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